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On the expansion of ( fy aot [3 + ey) in positive integral 


powers of 2, when 7 is a positive integer. 
By F. E. Epwarpes. 


(Received 14th March 1912. Read 8th November 1912). 


Sl. The radius of convergence of the power series is 27. 
: z Pa —n gn : 
The function (1 ap + a 5) or (@=1)" is regular 
within a circle whose centre is the origin of the z plane and radius 


27, and can be expanded in a Taylor’s series converging at all 
points within the circle. 


2 —n 
89, The coefficient of 2" in Comess ) is (1). 


1 
The coefficient of 2*—’ is —— Etsy C being a closed con- 
Qt C (é a (We 


tour surrounding the origin and lying within the circle of 
convergence. 


Nee lt 1 eee 1 Lae 


=(-1yf dz 


Zz . 
ce’—l1 





But the residue of is l. 





e— 1 


e dz — n—l1 94 
ee ee ew at 


Hence the coefficient of 2"-* is (-1)"”. 
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$3. If the coefficient of =” in (1 ttt 7) is denoted by 
nt, then ior 
n-r—l 
nbn = — n—1Uy_y + Moet n—1%py 
n having any of the values 2, 3, 4..., and r any of the values 
1b Ser Ree 
l gn—r-l 1 grr] 2 _ gn—r—1 
For ,_,4,..=—— |= dz = —~ | ——____—_—_dz 
see Ort). (eo 1D ars 271 (e* - 1)” 
Lf eg eee 1k ye gl Foe 1 
= — — | ——dz - — —— | 21 — ———_d:z 
2rvJ (e* — 1)” 2rin — 1 dz (e’— 1)" 
1 saree oar ane 
= — ,a,+-— ——__|] ——_-——-dz 
2rt_ n-1l Jo(e-1)" 
n-r—l 
Ge pean he be tre tg ns 
n—1 
n-r—-1l . 
Hence ,a,= — »-4,1+ open provided n>1, r>0. 
n — 


It may be added that since the coefficient of 2° is unity for 
n=1, 2, 3, .. we have 


n% = n-1% = «++ = oh = 1M. 


$4. The values of the suffixes at which we ultimately arrive are 
seen very clearly if we associate with each coefficient ,a, a point 
whose ordinate is n and abscissa r: this point can be denoted by 
the same symbol ,a, without any danger of confusion. Provided r 
is not equal to n—1, the reduction equation leads from the point 
na, to the two points ,_,a, and ,,_,a,_,, that is, to those reached by 
a step one unit in length parallel to the axis of m and towards the 
axis of r, and then another parallel to the axis of r and towards 
the axis of ». If r> or =n, the repeated application of the 
reduction equation will therefore determine ,a, as the sum of 
multiples of 14,, 4,1, --- 1%—n41, that is, as the sum of multiples of 


4 


certain of Bernoulli’s numbers, since when n=1 the expansion 


becomes 


La ah pis Boe 
1] — ay 4 Te saoe 


eg te |_| 


For powers of z lower than 2”~' the case is different. When 
the suffix r is less than the suffix m by unity, the reduction 
equation assumes the form 


KAp-1 = — p—-1% 2) 
and again when the suffix 7 is zero, 
E49 = x-1% : 
These discontinuities in the form of the reduction equation 
preclude the crossing of the lines r=n—1 and r=0, and lead to 


the determination of ,a, when r<n-1, simply as a multiple of 
1%: 


$5. The coefficients of powers of z higher than 2" in the 


Slee = 
expansion of (1 + 2 + [3 + br are given, for values of r>n-1, 


by 
(<9 4 
Si ree es 1) (26+ 1)...(n—- ] o+ 1 eae 





Where C= |T—N yyy 4Cy= 4A and 6 is a symbolic operator such that 


8(mCx) = mex—1 


When r>n-1, the reduction equation 


r—-n+1 
nb = — n—1%p_1 — aa Takeo 
may be written 
|r-—1 a, = Mel ee fa aay fies 1 n—1%r9 
or negie walker Le wel n—1%rs 
where rep=|r—-N,a, When r>n, and ,¢,=,d, 


This modified reduction equation holds good for all values of n>1. 
Now let A and 6 be symbolic operators such that 


A( mx) = m—1C% and 3(mCx) = mCx—1" 


Then coe (8 + ~7) Ayitrn 
n—1l 


1 
so that the operator — (8 et) A acting on a coefficient whose 


primary suffix in 7 reproduces that coefficient : and 64 ,c, and A,,¢, 
being coefficients whose primary suffix is »—1, and the operators 
being commutative, it follows that 


1 1 
nor =(— 1) (8+ 5) (8+) Are 


: 1 1 
ie n—l 
Thus ny =(— 1) (8 aaa] i) (8 omar 


5)-(8 +1)A™,¢,. 


{6+ 1)(28-+41)...(a—18+1),¢,. 
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This formula gives the coefficient ,a, for values of r>n-—1 as the 
sum of multiples of certain numbers of Bernoulli. 


§6. For values of r from n—2 to 1 


in-r—-1 
aroma S,(1, 2, 3...2—-1), 


[n—1 








where §,(1, 2,3....-1) means the sum of the products of the 
numbers 1, 2,3....—1 taken r at a time. 


When 0<r<n-1 the reduction equation may be written 








nO, ne n—] 1 1 n—l a, 
i eh OI el 9 ithe a SO eo ie : 
|\n—-r—-1 |n—r—-l n-l|n-r-2 
] 
or Or = ret ae + a, | uhh ’ 
a 
ny 
where b= 








cms ul helen 
When, however, 7=0, and again when r=n-—1, the reduction 
equation is discontinuous in form. In the first case 
Ko = x-1% (k> 1), 
and in the second case 
1p = KAM» (k>1); 
and the corresponding modified equations are 


i! 
10) = no, x10) (k>1), 


and Opa= —pDp-» (K>1). 


Hence the modified equation may be regarded as continuous in 
form if we introduce the symbols 


Ours pOmm «++ OFC, 5 -10p 1) 41D p_ay »-- CEC., 
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all of them having the value zero. By the introduction of these 


tT 
oa FP Yi Fe PE | Ps Fa te Ha FF BS | 
Ye Petts MTA eS bata pee lH. 
Peed Pea pL ate ee ba i DRAB 
ae eae Be pe ONESIES Pp 
PERE EEEEEEREEEE Pe 
HOD SBasI4Seoae 
HARES OSS 4 meee 
AMMA DSaS4Snheeaee 
ney Me ita (Sse | Di ss ea Fk FT | 
HAS saoeZzoaGReaee 
ADA BBIGS 43000Rhaka 
fe Sear a a De) ap ee ak | fee |e |S fe] pe Se 


Fig. 2. 


symbols, the array of points associated with the coefficients 
obtained from ,b, by means of the reduction equation is no longer 
bounded by the lines r=0, r=n-1, but extends to the line n= 1. 
Of the points ,0,, :b,_1, ... 361, 109, 15_y, ..., ete., ultimately reached, 
all except ,d, are associated with coefficients which vanish by 
virtue of their definition. 


Now let A and 6 be symbolic operators such that A(,,b,) = 15, 
ADM OU e yd eae 
l 
s 3) Bikes 


Then ,0,= -8+—)A,b,=(- - \(- 
n—-1 7a 
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But 5%(,,) =0, for all values of » except 7, and 6"(,b,) =1. 
(aye 


|n—-1 





nor= 8,1, 2, 3....-1), 
where §,(1, 2, 3....—1) means the sum of the products of the 
numbers 1, 2, 3....—1 taken r at a time. 


|2—r—-1l 


Hence _ a, = (-— 1)” ——— _8,(]1, 2, 3,... 7-1) 
|n—1 


for all values of r<u-1. 


It may be observed that the formula holds for r=n-1, but 
the coefficients for which this is the case have been evaluated 
already. 


§7. A number of identities involving Bernoulli’s numbers 
2 + | 9 —— | z sb ece an 


equating the coefficients of various powers of z to those of the 


can be obtained by expanding (1 - 


expansion of (1 +iatigt m) . For example, when n=2 the 


coefficients of 2" give 


Bre Bed O85; eh 


r—2 
| 2r | Ir —2 2° TOr— 4 


B 


wo 


B, r—1 
+ Sa [2r— 2" 


(2 +1) 














a 











On the Summation of 1" + 27+ 3° 4+...4”', 


By J. A. Dona.pson. 
(Read 14th February 1913. Received 18th February 1913.) 


We shall use the notation =n’=1"+2"+...4n”.. Mr A. J. 
Gray suggested to me that n(m+1) is always a factor of =n”, and 
that, in addition, 227+ 1 is a factor when r is even. 


$1. That n(v~+1) is a factor of Yn” is proved in Chrystal’s 
Algebra I., chap. XX., §9, but the following proof seems somewhat 
simpler :— 

Let 2n"=/(n). 

We know that /(7) is an integral algebraic function of n. 

When n=0, 2n"=0; 2... f(n)=0; therefore /(m) contains 
the factor n. 

Hence f(n+1) contains the factor (n +1). 

Now 2(n+1)"=/(n)+(n+1)"=f/(n + 1), 
and f(n+1) and (n+1)” both contain the factor (n+ 1) ; 
. f(n) contains the factor (7+ 1) ; 
i.e. =n” contains the factor n(n + 1). 


§2. To prove that (2x+1) is a factor when r is even, we must 
attempt to calculate the even sums without making use of the odd 
ones. In the identity 


(a+ 1)"—(«@-—1)"= 2ra" + 2,00"? +... + 2,.C,x? + 2, 
which holds when r is odd, put successively e=n, x=n-1,...4=2, 
x=1, and we have 
(n+ 1)"—(n-—1) = 2rn ... 0.0... + 2,C,n? + 2 
n” —(n — 2)" =2r(n—- 1)" +...4+2,0,(n - 1)? + 2 
(n — 1)" —(n— 3)" = 2r(n - 2)" 1 +...4+2,0,(m — 2)? + 2 
eae Deer ates, Urey ie eet «4 +2,0,2?+ 2 
ei eee ohare ba tee acy eled cs +2,0,17+ 2. 
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If we add these equations together, we have 
(1+1)" +n” —-1=2rdn""+4 ...4+2,0,2n? + 2n ; 
1.6. (n+1)"+n"-(2n41)=2rdn’"+...+2,C,2*, 
When we put = —4, the left-hand side of this last equation 


vanishes ; hence, since =n? is divisible by 2n+1, we can prove 
successively that 2n*, =n*, .. 2n* are all divisible by 2n +1. 


$3. When examining the above, I worked out the sums as far 
as =n‘ and factorised them. The expressions for Yn*, =n°, and Yn’ 
contained the factor n?(n +1) and suggested 1?(n+1)? as a factor 
of 2n” when r is odd, except in the case of r=1. 

To prove this we have the identity 

(2 +1)" —(%#-1)"= Ira” + 2,00" +... + 2,00? + 2rar, 
which holds when r is even. 

When we give x the values n, n—-1,... 2,1, and add the 
resulting identities, we have 

(1+1)"+n"—-1=2rin""+..... + 2,02? + 2rrn ; 
1.6. (n+1)"+n"-1—rn(n4+1)=2rin™"4+...+2,C,2n’. 

When we expand the left-hand side in powers of n, the terms 
below n” are absent ; therefore n* is a factor of the left-hand side. 
Also when we put »+1=™m in the left side and expand in powers 
of m, the terms below m? are absent ; 7.e. m® or (n+1)? is a factor 
of the left side. 

Now n(n +1)’ is a factor of =n* ; hence we can show successively 
that it is a factor of Dn*, =n’... Unt, 

Hence we have proved that :— 

Xn" contains the factor n(n+1)(2n+1) when r is even, and the 
Jactor n*(n+ 1)? when r is odd and greater than 1. 


$4. Haupression of Xn” in powers of n. 

From the section in Chrystal’s Algebra, referred to above, we 
learn that 2n” is an integral function of m of the (7+1)™ degree, 
say 

rn = ayn + an" + an" +... + 0, 0? + ,a,N. if, 
Hence we have 
an + an +...+,4,0+(n+1)=2(n+1)" 
= A)(n + 1)? + ,a,(0+1)"+...+,0,(n + 1). ITs 
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ITI. is an identity and true for all positive integral values of n, 
and so we may equate coeflicients of like powers of » giving :— 


n” +X x Prey = L; Cee meee en ee eh ee reer eer eeresererneesnseessesseseees eee (1) 
ax ee ea Mtr Ca ated es oar, Cig eat hacen cheat sek Soe cc hac ok s cetamen: (2) 
nr r%9 x pris + pO Xx ‘Ge ae pg X x30, = — Cx er (3) 
n— phy % pga PH rly % Oy Fb ne ely % gy =H CQ oe ese (s+ 1) 
n (rE) ge Telly CTL he eee the Ny eins en cov enseress (7) 
GONSUANU ig 1 ply F yfla te ce te Bg FB le igeennasccsete: coenecevs (r+1) 


The (r+ 1)™ equation is also the expression of the fact that the 
identity I. holds when n= 1. 


These equations enable us to calculate a), ,a,, ...,@, successively 
in terms of 7. 


Evidently ,a,,,; is always equal to zero, since =n” is always 
divisible by n. We shall see that the equations (1)...(7+ 1) give us 
no information as to ,a,,). 


Erome( 1). a, = 








r+] 
1 r+] 
From ag —— +7,0,=71, 
giving a, = 4. 
1 Gretel) — mA eel 
From (S) aay Tamaph oir. G 4——— EN a es a1? 
which, except when r=1, gives ,d, a When r=1, ,a, is the 


term ,a,,,, and this shows how these equations give us no infor- 


mation about ,a,.;. 





1 (r+1)...(r-2) r..(r—-2) 9 (r—1)(r-2) 
rea] £1 arr Meher ool 
_ —2 
{Fd pyri etal) oe y 
al 
which reduces to ,a,=0 x AY ) 





3! 
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Darel) sto) ery ts tO) ete (oa tee ie) 
es eo BI ee sold Se FL SA ST 
r...(r—3 
+ (r—8), a=), 
which, except when r = 3, gives 
rir lyr 2) 
hg aaa vee SD aaa At apt . 

From the above sample of calculation, and the form of equations, 

(1)...(r +1), it is obvious that ,a, is of the form 
r(r—1)(r -2)...(r —s +2) 
a, X 
Z s! 
where the constant a, depends on s only. 

If we go back now to equation I., when r=3, ,a,;=0 since 2n* 
contains the factor n°. 
r(r—1) 

3! 


r(r—1) 
3! 
therefore a;=0, as we saw above by calculation. 
For the same reason, viz., that =n” is divisible by n? when r is 
odd and greater than 1, a,=a,=a,=...=0. 
Values of a are given below up to a,. 


INOW» ,@5= 0, X , and when 7 = 3, 





does not vanish ; 





s a, 
2 1/6 

ria bea bh 

6 1/42 

8 beets) 
10 5/66 
12 | —691/2730 
14 7/6 

16 | —3617/510 
18 43867/798 


The values of a, given above were not all calculated from the 


13 


equations (1)...(7+1) as before, but by giving r a particular value 
in a way which the following example will make clear :— 


Dn? = gyn" + gayn® + a.n® + gayn® + yagn* + ,agn. TLE 
Our object is to calculate a,, knowing the others up to ag. 
Equation (r+ 1) shows, when we put 7 =9, that 
gy + 9 + oe + gts + o%g + og = 1. 


7 


passed! 3 Le 2S 
Now gM tot... +ote=rotets- Tots =o 


gh = — 35: 
ase pacer ina UNE E2 0) 5 
8! 
oS aS eas : 
ghg = Og 81 —-t0> 
whence Q3= — x5. 


We might also get a; by starting with 2n* for, putting r=8, 
Ink = ,a,n° + a, n* + aN! + ayn” + gAgn® + Aen, 
and aU + gy + gz + gy + gg + gg = l. 


In general to get a,,, make r equal to 2s or 2s+ 1, and it some- 
times happens that one value will give simpler calculations than 
the other. 


$5. As we have not used the fact that =n” is divisible by (n + 1) 
in §4, we may use these coefficients to show that 2n’ is divisible by 
(n+ 1) always, and by (n+1)? when r is odd and greater than 1. 


Leaving out left-hand suffixes, 
=n" =ayn" +a,n"+a.n""+an""*+...+4a,n (r even), 
Zn" =an"+an"+an""+an’~+...+a,.n (r odd). 
(1) reven. By (r+1), a+a,+a+4+...4,=1; 
Ay +A,+...€,=1- a,=4. 
Now L 2n"=a,- (a) +4,+...a,)=0; 


n=—!] 


2n" is divisible by (7+1) when r is even. 
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(2) r odd. Just as in the case of r even, we show that 2n” is 
divisible by +1. 
Equation (7) is 
(r+ l)agt+ra,+(r-1)a.+...2a,,=7 ; 


1.0. (r+1)ay+(r—-l1)agt+...+2a,,=r-ar=4r; 
1.6. (r+ 1)a —ra,+(r—l)a,+... + 2a, ,=0; 

: it (os ")=0 (= odd) : 

.€. wom ler Bae ’ 


z.e. =n" contains the factor (n+1)? when 7 is odd and greater 
than 1 (for equation (7) does not involve a, when r= 1). 


§6. Proof of Bernoulli’s Theorem. 


I had reached this stage when Professor Whittaker pointed out 
to me Bernoulli’s expansion (see Chrystal’s Algebra II., §7, 
Chap. XX VIITI.). We can demonstrate this expansion from the 
above as follows :—_ 

The tabulated values of a, are simply Bernoulli’s numbers with 
alternating signs. 


From what we have proved in § 4, we can assume 





r+l1 
oy by +4 an” + Pras coe aes Bs grea’ — + Bs AG = Bs On eee cecece 
r+l 6’ 


where f,= |a,,| ; 
1.€. Oo, ( — yb Oey. 
When we substitute for the a’s in (r+ 1), we have 


(1) when 7 is even, = 2p say, 


hg + Ay F pg + Ay +... +0, = 1 ; 


1 Bo, Bro,s 


t fea 
a jtet : 





1.€. 


A Pac atm) (HSL why gag Dre h eew ap cee eZ 


1 2 3 2p—1 
p 9 2p 4 ‘P 2p 
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(2) When ¢ is odd, =2p+1 say, 
by + Ay + Ay + v0 $01 = 1 ; 





: 1 
2.é. ++ 0, -BO,4..41; 
; p p E B 
1.€. Ors = apiCs- Peco Gale ‘ee Crpag, 
1 
oa Tey: 


When we multiply IV. by (-)?"(2p+1), we get, since 


2p +1 


C.,1 x aoe = op+10 24s 


2p 


ep+1V ep B, — o941Cop—2 Bes +...+(- 77 op41C oP, =(-)"(p—4 
LV 


Similarly, when we multiply V. by (—)’*(2p + 2), we get 
Sch Bp, = aptaWop—a (Saag + eee + (- fis peels. 2 b= (- rp. yes 


We can calculate the f’s from IV.’ or V.’ by giving p the 
values 1, 2, 3... successively. Cf Calculation of as, in end of § 4, by 
putting r=8 or 9 in equation (r +1). 


These alternative recurrence formulae for 6 are the same as 
those for Bernoullis numbers (see Chrystal’s Algebra ILI., 
Equations (10’) and (11’), § 6, Chap. XX VITTI.). 


Hence the numbers fj, (£,, etc., are Bernoulli's numbers 
[pan demetcires 





Hence 
nth B IB, B 
= Lt pt Cnt r—5 4 at 
EAS es ET WE He ars +Z3.C,n — {Cyn a Aer 


the last term being (-— )?-2By,2 or 3( — )#"- 97 Big_iyn® according 
as r is even or odd (Bernoulli’s Theorem). 
The proof seems rather complicated, as I have taken trouble to 


make every step clear, but it depends on very simple principles, 
and does not involve even an infinite series. 


$7. To show how intimately connected the simple factors of 
2n" are with the Bernoullian expansions given in that section of — 
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Chrystal referred to in §6 of this paper, we will give a formula for 
calculating the Bernoullian numbers, deduced from the fact that 
2n+1 is a factor of 2n”. 





Since 2n” contains ee factor 2n +1, we have, putting n= -4 
in the expression for 2 
1 B, B i B. 
Op + 1 -—1 — 2? 3 7P 2 lst ee +( — y O° Fp 29. 





i.e. taking —1 to the right-hand side of the equation and 


1 
2p+1 
multiplying up by 2p +1, 
+(— joe Bo oO wp. VI. 





Multiply up by e* --e~*, expand both sides, and write down the 
condition that the coefficient of xt is the same on both sides, 
and we get equation VI. 
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Generalisation of the ‘‘Orthopole” and Allied Theorems. 


By Dr J. A. Tuirp. 
(Read and Received 14th March 19138.) 


The greater part of this paper consists of generalisations of 
well-known theorems regarding perpendiculars to the sides of a 
triangle, or other base-lines, the perpendiculars being replaced by 
isoclinals. 

To save confusion and secure generality, the following conven- 
tions will be observed : 

(i) The angle which a line falling on a base-line makes with the 
latter will be taken as the angle, acute or obtuse as the case may 
be, obtained by measuring the shortest way round from the base- 
line to the first line (produced if necessary) in the positive or 
counter-clock sense. 





B fig. f 


Thus, in the figure, AO and BO make an angle @ with CD, but 
CO and DO make an angle z — 6 with AB. 

(ii) The areas of triangles will be regarded as positive when 
their vertices are taken counter-clockwise, as negative when their 
vertices are taken clockwise. 

The following two propositions, which are so simple that their 
proofs may be omitted, supply the foundation for most of the 
subsequent theory. 


(1). If from a point P a line PL be drawn to a base-line making 
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with it an angle 0, and Q and R be any two points on the base- 
line, 


PQ? — PR?= LQ? — LR? + 4APQReot8, 


or LQ - LR?= PQ? - PR? - 4APQReot#. 
P 
P 
og Q R L 
QR L RUE ee Q 
Fig, 2 P 


This proposition as stated is universally true if (and not unless) 
we apply the two foregoing conventions and take the vertices of the 
triangle PQR in the following order—first, the vertex not lying 
on the base-line; and second, that vertex on the base-line which 
occurs first in the statement of the relation. 

(2). If from any point O in the plane, lines OL, OM, ON be 
drawn to meet the sides BC, CA, AB respectively of a triangle 
ABC at the same angle @, 

LB? — LC? + MC? - MA?+ NA?- NB?= — 4A ABCcot 8, 
which may be written 


[LMN]= — 4A ABCoot6. 
A 





This is an easy inference from (1), and is a generalisation of the 
standard theorem that if OL, OM, ON be perpendicular to the sides, 
[LMN]=0. 
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If L, M, N be any points on BC, CA, AB, a value of @ can 
always be found to satisfy the general relation, and by a reductio 
ad absurdum we can prove that the lines from these points making 
angles having this value with the sides, meet in a point. Thus we 
obtain a criterion of concurrency for isoclinals of which use will be 
made in what follows. 

The theorem can be extended to the polygon, but the converse 
in this case is not necessarily true, and hence cannot be used as a 
criterion of concurrency. 


 Tsological” Triangles. 


(3). It is well known that if the three perpendiculars from the 
vertices of one triangle to the sides of another are concurrent, the 
three corresponding perpendiculars from the vertices of the latter 
to the sides of the former are also concurrent. Two such triangles 
are said to be reciprocally orthological.* 

This theorem may be generalised as follows: If ABC, A’B’C’ be 
two triangles such that lines AL’, BM’, CN’ meeting B’C’, C’A’, 
A’'B’ respectively at an angle 6, meet in a point O, then lines A’L, 
B'M, C’'N meeting BC, CA, AB at the angle z — 0, also meet in a 
point O’. 





A 


*See a paper by Prof. Neuberg in Mathesis, 3rd series, vol. 1, p. 157. 
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Proof. Join A’ to Band C; B’ to C and A; OC’ to A and B. 
Then, using (1) and remembering the convention regarding the 
areas of triangles, we have 
[LMN]= A'B? - A’C’ — 44\A'BCcot(z — 6) 
+ BC’ — B’A?- 4AB'CAcot(z — 6) 
+ C’A?’ — C’B’ - 4AC’A Beot(z — 8) 
= AC” — AB’? + BA” — BC”? + CB” -CA” 
— 4(AA'BC + ABCA + AC’AB)cot(z — 0) 
= LC? —- L'B? + 44 AC'B'coté 
+ M’A” — M’C? + 4ABA'C’coté 
+ N’B? — N'A? + 4ACB'A’coté 
—4(A\A'BC + AB'CA + AC’AB)cot(z — 6) 
= —(L'B”- L'C” + M’C?— MA” + N'A” — N’'B”) 
— 4(AAC’B’ + ABA’CO’ + ACB’A’ + AA'BC + ABCA 
+ AC’ AB)cot(z — 4) 
=, by (2), 44AA’B’C’coté 
— 4(ZAAC’B’ + ABA’C' + ACB’A’ + AA’BC + ABCA 
+ AO’ AB)cot(z — @) 
— 4(LZ\A'B'C’ + A ACB’ + ABA'C’ + ACB’A’ 
+ AA’'BC + ABCA + AC’AB)cot(z — 4) 
= —44ABCcot(z - 6). 
Therefore, by (2), A’L, B’M, C’N meet in a point O’. 


For convenience of reference a pair of triangles related as ABC 
and A'B’C’ are, will be said to be reciprocally zsological with respect 
to the angle which the isoclinals from the vertices of the first- 
mentioned make with the sides of the second. 


(4). If A’B’C’ be isological with ABC and BCA with respect to 
the same angle @, it is also isological with CAB with respect to 
that angle. 

6 being the angle of inclination throughout, let 

A'L, B'M, C'N be isoclinals to BC, CA, AB respectively, 
ALS BM GAN ae 5 yn 07. - oan 310 
and <A’, .BoMaC IN ing, _ AB BOACA 


39 


9 
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If the first set meet in a point O, and the second in a point O’, 
we have to prove that the third set also meet in a point O”. 





We have, by (2) and (1), 
— 4A ABCcoté =(LMN] 
= A’B?— A'C? - 44 A'BCcoté 
+ B’C? — B’A? — 444B'CAcoté 
+ C’A?- C'B? - 4AC’ABooté. 
Also — 44 ABCcoté =[N'L'M’] 
= C'B? — C’'C? —- 4AAC’BCcoté 
+ A’C?— A’A? — 4A A'CAcoté 
+ B’A? — B’B? —- 4AB’A Boot é. 
Adding and using (1) we have 
— 8AABCcoté = B’C? — B’B? + CA? — C’'C? + A’B? — A’A? 
— 4(AA'BC + AA’CA + AB'CA + AB’AB 
+ AC’AB + AC'BC)coté 
= M”’C? —- M”B? + 44B'CBcoté 
+ N”A?—- N”’C? + 4AC’ACcoté 
+ L’B?- L’ A? +44 A'BAcoté 
-—4(3A ABC + AA BA + AB'CB + AC’AC)coté 
= —[M’"N’L"]- 124ABCcot86. 
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Therefore [M’N’L"’]= -4AABCcot0. 

Therefore, by (2), A’L”, BM”, C’N” meet in a point. 

We can therefore assert that if two triangles be doubly 
isological, in the manner stated, with respect to a certain angle, 
they are triply isological with respect to that angle. 


(5). Any two triangles ABC, A’B'C’ are, in general, reciprocally 
isological in six ways. 

Suppose that the vertices as named lie the same way round ; 
we can then make the following statements : 

(i) If through the extremities of BC, CA, AB three circles be 
drawn such that their segments on the same sides of thesé lines as 
A, B,C respectively, contain angles respectively equal to 7- A’, 
az —B’, r—C’, the circles meet in a point O,, such that AO,, BO,, 
CO, make with B’C’, C’A’, A’B’ respectively the same angle 6,, 2.¢. 
ABC is isological with A’B’C’ with respect to 4,. | 

(ii) The same statement as the foregoing, with cyclical inter- 
change of A’, B’, C’ and with O, for O, and 0, for 6,. 

(iii) The same as the foregoing, with further cyclical interchange 


of A’, B’, C’ and with O, for O, and 0, for 6,. 


(iv) If through the extremities of BC, CA, AB three circles be 
drawn such that their segments on the opposite sides of these lines 
Jrom A, B, C respectively, contain angles respectively equal to 
a— A’, x -C’, r—B’, the circles meet in a point O, such that AO, 
BO,, CO, make with C’b’, B’A’, A’C’ respectively the same angle 
6,, 1.e. ABC is isological with A’O’B’ with respect to 6, (Note 
that here the vertices of A’C’B’ as named lie the opposite way round 
Srom those of ABC.) 


(v) The same statement as the foregoing, with cyclical inter- 
change in reverse order of A’, B’, C’ and with O; for O, and 
6; for 0, 

(vi) The same as the foregoing, with further cyclical inter- 
change, still in reverse order, of A’, B’, C’ and with O, for O,; and 
0; for 0. 

If the vertices of ABC and A’B'C’ instead of lying the same 
way round lie in opposite ways round, the above statements must 
be modified by the interchange of the expressions same as and 
opposite from wherever they occur. 
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The truth of the statements, which need not be demonstrated 
in detail, will be manifest from an examination of the cyclic quadri- 
laterals in the figures of the different cases. 


It will be noticed that O,, O,, O;, O,, O;, O, are dependent only 
on the position of ABC and the shape of A’B’C’, and therefore 
remain invariable when ABC is fixed and A’B’C’ retains a constant 
shape, however much the latter triangle may vary in position or 
size. The respective conjugate points of concurrence of the lines 
from the vertices of A’B’C’ making angles 7 — 6,, 7 — @,, etc., with 
the sides of ABO, are related to A’B’C’ in the same way as their 
conjugates are related to ABC, and consequently vary in position 
with A’B’C’. 

If the triangles ABC, A’B’O’ are directly similar, O,, O,, O, O,, 
O;, Og become respectively the orthocentre, the negative Brocard 
point, the positive Brocard point, and the vertices A, B, C of ABC. 


If the triangles ABC, A’B’C’ are inversely similar, O, is any 
point on the circumcircle of ABC, since the three circles giving 
rise to it coalesce in that circle. Hence we have the theorem 
which will be used later on, that any two inversely similar triangles 
are reciprocally isological with respect to every angle lying between 
0 and 7, 7.e. in an infinite number of ways, and that, as the angle 
varies, the point of concurrence of the isoclinals from the vertices 
of either to the corresponding sides of the other has as locus the 
circumcircle of the former. 


The positions assumed by the O-points in the other cases of 
inverse similarity corresponding to (ii), (ili), (iv), (v) and (vi) above, 
do not offer any special features of interest. 


Orthopole and “ Isopoles.” 


(6). It is well known that if perpendiculars AP, BQ, CR be 
drawn from the vertices of a triangle ABC to a base-line XY, and 
perpendiculars PL, QM, CN be drawn from P, Q, R to BC, CA, AB 
respectively, PL, QM, CN meet in a point O, which is called the 
orthopole of XY.* 


*See a paper on the Orthopole by Mr William Gallatly (Glasgow 
University Press). 
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This theorem may be generalised as follows: If isoclinals AP, 
BQ, CR be drawn from the vertices of a triangle ABC to a base- 
line XY making with it any angle 0, and if isoclinals PL, QM, CN 
be drawn from P, Q, R to BC, CA, AB respectively, making with 
them an angle 7-6, PL, QM, CN meet in a point O, which may 
be called the isopole of XY with respect to the angle @ adopted. 





Proof. Using (1), and remembering the convention regarding 
the areas of triangles, we have 
[LMN] = PB’ — PC* - 4A PBCcot(z — 6) 
+ QC? —- QA? - 4A QC Acot(z — 8) 
+ RA’ -— RB’ - 4ARA Beot(z — 8) 
= AR’ - AQ’+ BP? - BR? + CQ? -— CP? 
— 4(APBC + AQCA + ARAB)cot(z — 8) 
= PR? ~ PQ?+ 4A ARQcotd 
+ QP? —- QR’ + 4ABPReoté 
+ RQ’ - RP’ + 4ACQPcoté 
— 4(APBC + AQCA + ARAB)cot(z — 8) 
— 4(AARQ + ABPR+ ACQP+ APBC 
+ AQCA + ARAB)cot(z — 6) 
= - 4A ABCcot(z — 0). 
Therefore, by (2), PL, QM, RN are concurrent. 
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(7). The theory of isopoles could, if it were worth while, be 
considerably developed. I have had time only for a very cursory 
and superficial examination of the subject. The present section 
contains a selection of the results obtained, which are either loosely 
general in character or refer to the more obvious particular cases. 

(i) If the base-line XY (Fig. 6) move parallel to itself, the locus 
of its isopole O with respect to a constant angle @ is a line making 
an angle 6 with the fixed direction of X Y.* 

This follows from the obvious fact that, in the case supposed, 
the triangle QOR is always congruent to itself. 

It follows also from the constant self congruence of QOR that 
the distance of O from XY is constant, and thus that the distance 
between a line and its isopole with respect to a given angle is 
unaltered by the movement of the line parallel to itself. 

(ii) If XY (Fig. 6) vary in position while AP, BQ, CR remain 
fixed in direction thus making a variable angle 6 with XY, and O 
be the isopole of XY in any position with respect to the value of 0 
for that position, the triangles QOR, ROP, POQ remain constant 
in shape; e.g. if ¢ be the constant angle made by AP with BC, 
then according as ¢ is less or greater than 7 — C, the angles at Q, 
R and O of the triangle QOR are respectively 7 -C-¢, 7-B+¢ 
and w—A, or —-7+C+¢4, 7+B-¢ and A. Thus if XY rotate 
round a fixed point 8, since QR passes through this point and 
@ and R move on parallel straight lines, O will also move ona 
straight line, viz. the line joining the fixed second points of inter- 
section of the circles SQO and SRO with BQ and OR respectively. 

(iii) If we take O as the origin (Fig. 6) and y=pa+y as the 
Cartesian equation of the line QR whose isopole with respect to a 
particular angle @ is O, and then form the equations of OQ and OR 
and hence those of BQ and CR, we find from the condition that 
BQ and CR make an angle @ with QR, taking # and y as the angles 
made with the a-axis by AB and AC and (6, b,), (¢,, c.) as the 
coordinates of B and C, that 

v{tand —tany —- 6+ p(1+tand. tany - 6)} 


= p(b, + b,tan@) + »{b,(tané — tany — 6) — 6,(1 + tan. tany — 6)} 


+ (6, — 6,tan@) . tany — 0, 
with a similar equation having ¢ for 6 and f for y. 








*The corresponding statement for the orthopole is given in Mr Gallatly’s 
paper, p. 4. 
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Hence we obtain a cubic for the determination of p, while for 
every value of » there is only one value of v. 


Thus we conclude that, while every base-line has only one 
isopole for a particular value of 6, every point is in general the 
isopole, with respect to any given value of 6, of three different 
lines. 

For example, the orthocentre H of the triangle ABC is obviously 
the orthopole of each of the three sides. Combining this statement 
with (i) above, we have the result that the locus of the orthopole of 
a line which moves parallel to one of the sides is the altitude corre- 
sponding to that side, and that the distance of the orthopole from 
the line is always equal to HD, where D is the foot of the altitude 
on the side. 

One other example may be given. D is the orthopole of AD, of 
the line parallel to BC through the image of H with respect to BC, 
and, as might easily be shown, of the line joining A to the circum- 
centre. 

(iv) If a line make an angle 6 with a side of the triangle, it is 
obvious from a figure that the isopole of the line with respect to 
az —@ is the point where the line cuts that side. 


(v) The locus of the isopoles, with respect to a given angle 0, of 
the lines passing through a fixed point S is in general a conic. 


Take S as the origin and y=x.tan¢ as the equation of the 
variable base-line. Let also (6, b,), (c,, c.) be the coordinates of 
B and C, and f, y the angles made by AB and AC with the z-axis. 


Then, since BQ and CR (Fig. 6) make an angle 6+ ¢, and QM 
and RN angles y-@ and 6-6 with the x-axis, we have as the 
equation of QM, 

tan’d(xtané. tany — 0 — ytané + 6, + b,tan@) 
+ tand{b,(tand — tany — @) — 6,(1 + tané. tany — 6)} 
+«tané.tany — 6— ytand — (6,tand — b,)tany — 6 =0, 
with a similar equation for RN having f for y and ¢ for 0. 


Eliminating tan¢ between these equations, we have as the locus 
of O a conic in the form, 


(ax + by +c)? —(da+ey+/)(da+ey+g)=0. 
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It obviously touches the parallel lines (def) and (deg) at the 
points where these are met by (adc), and its centre lies on (abc) mid- 
way between the former two lines. 


If from .S lines SX, SY, SZ be drawn to the sides BC, CA, AB 
respectively of the triangle, making with them an angle 7 —4@, it 
follows from (iv) that the conic passes through X, Y, Z. IfS be 
the negative (or positive) Brocard point, and @ the Brocard angle o 
(or t—w), X, Y, Z coincide with C, A, B respectively (or B, C, A), 
and the conic becomes a circumconic. 


If S be the circumcentre and 6 = _ so that for zsopole we have 


orthopole, the conic becomes the nine-point circle.* In this case 
the orthopoles of the perpendiculars from S to the sides are, by 
(iv), the mid-points of the sides; the orthopoles of the parallels 
through 8 to the sides are, by (iii), the mid-points of the lines 
joining the orthocentre to the vertices; and the orthopoles of the 
lines joining S to the vertices are the feet of the altitudes. 


When § coincides with a vertex of the triangle, it is evident 
from a figure that the locus of the isopole of a variable line through 
S with respect to a given angle @, degenerates into the line through 
the vertex making with the opposite side the angle z — 0. 


(vi) The locus of the isopole of a given line with respect to an 
angle 6 which varies from zero to 7 is, in general, a cubic. 


The equation of this cubic, if we take the given base-line as the 
axis of x, and (a, a), (d,, 62), (¢, ¢,) as the coordinates of A, B, O, 
is found to be 

[a . Yayaq(b, — cy.) — y. I1(by — ¢y) + Za, (b,c, — 0,¢,) |? 
—[a. (db, — cg) ty. Layao{by — Cy) + Za,b.c(b, — C2) | 
x [ (a? + y°) . Zay(dy — Cy) — %& . Zay"( by — C2) 
+ y{ 2a,(b." — c”) — Da,a,(b, — c,) + I1(d, — ¢,)} 
; — Yapb,c,(b, — ¢,) |] =0. 

It is evident from (iv) that the cubic passes through the three 

points where the base-line cuts the sides of the triangle. 


In the particular case when the base-line coincides with a side 


* Proved in Mr Gallatly’s paper, p. 5. 
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of the triangle, the cubic degenerates into the circle passing through 
the extremities of that side and the orthocentre H. 





Let O, for example, be the isopole of BC with respect to any 
angle 6, and let BO, CO meet CA, AB in M and N respectively. 
Then BM, CN make an angle z— 6 with CA, AB. Therefore AMON 
is a cyclic quadrilateral. Hence according as O lies on the same 
side df BC as A or on the opposite side, angle BOC=7—-A or A, 
so that O lies on the circle BHC. It is obvious that O is the image 
with respect to BC of the point where the circumcircle of ABC is 
met by a line from A making an angle 6 with BC. Further, O and 
the two corresponding points for CA and AB are the three points 
into which the orthocentre breaks up when @ is substituted for 


T ° ° ° . 
a3 and so may be regarded as constituting a kind of generalised 
—- 


orthocentre. 


In connection with the case just mentioned it may be observed 
that if O,, O,’ be the isopoles of BC with respect to 0 and 7-90, 0 
being here taken as acute as may without loss of generality be done, 
and O,, O,’ and O,, O,’ be the corresponding points for CA and AB, 
6 being the same throughout, then these six points not only lie in 
pairs on the circles BHC, CHA, AHB, but all lie on the circle with 
centre H and radius 2Rcos@. 
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For the lines BO,, BO,’ make angles 7-0 and 6 with CA. 
Hence angle O,BO,'=7 — 26, and is bisected by BH. Therefore, 





since O,, O,’ lie on the circle BHO, 


OH=O0O7H = 2Rsin( - 0) = 2Reos0. 


Similarly the distance of H from any of the other O-points may be 
proved equal to 2Rcos9é. 


Among the numerous other properties of this figure the following 
may be noticed O,0,'= 0,0,’ = 0,0,’ =2Rsin20, 20 being the angle 
which each subtends at H. The triangles O,0,0, and O,’O,' O,’ are 
congruent, similar to ABC and circumscribed to it; the area of 
each =4Z4\,ABCcos’6. The lines O,0,, O,' O,’ meet the circumcircle 
of ABC in the images with respect to BC of O,', O,, with two 
similar statements. When @=0, the pairs O,, O,'; O,, O,; 
O,, O,' coincide in the points where the circle with centre H and 
radius 2R touches the circles BHC, CHA, AHB. 
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Generalised Brocard Points and Circle.* 


(8). I now return for a little to the figure of section (2) 
(Figure 3), where from a point O isoclinals OL, OM, ON are drawn 
to the sides BC, CA, AB respectively of the triangle, making with 
these an angle 6. If AL, BM, CN make angles a, 6, y with BC, 
CA, AB respectively, then 


cot@ = cota + cot + coty. 
For from (1) we have 
LB? — LC? = AB? — AC’ - 44 ABCcota, 
with two similar statements for f and y. 
Hence [LMN]= —- 4A ABC (cota + cotf + coty). 


But by (2), [LMN]= - 4A ABCcot#. 
Therefore, cot@ = cota + cot6 + coty. 


In all cases where d=—, as for example when LMN isa true 


Wallace line, or AL, BM, CN are the medians, the relation becomes 
cota + cotP + coty = 0. 


When L, M, N coincide with B, C, A respectively (or C, A, B) 
O becomes the positive (or negative) Brocard point, 6 becomes the 
Brocard angle w (or 7 —w), and we obtain the well known relation, 


cot w= cotA + cotB + cotC. 


Thus, being given the position of L, M, N, we can regard O as 
the generalised Brocard point, and @ as the generalised Brocard 
angle, for that position. While it is obvious from (2) that for any 
given position of L, M, N there is only one generalised Brocard 
point O, and one generalised Brocard angle 0, it is clear that for 
any given position of O there are an infinite number of possible 
values of 0@, and an infinite number of different positions of 
L, M, N, viz. the different positions assumed by the vertices of an 
inscribed triangle of constant species of which O is the centre of 
similitude. Hence any point whatever in the plane can be regarded 


* There have been various generalisations of the Brocard circle, e.g. that 
of Mr Griffiths in the Proceedings of the London Mathematical Society, 
Vol. XXV., pp. 75-85 and 376-388, and Vol. XXVI., pp. 173-183: but all 
those known to me differ widely from the one now given. 
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as a generalised Brocard point, and with it can be associated as 
generalised Brocard angle any angle whatever lying between zero 
and 7, thus determining the position of L, M, N. 


The position of L, M, N being given, we can easily deduce from 
the relation given above connecting 6, a, 6, y, a geometrical con- 
struction determining the position of O. 


When L, M, M are collinear the locus of O, as is well known, is 
the circumcircle of ABC, LMN being then the true or generalised 
(isoclinals replacing perpendiculars) Wallace line of O. When the 
triangle LMN is of constant shape, O, as is also well known, is 
fixed. It might readily be shown by using trilinear coordinates 
that when AL, BM, CN are concurrent, the locus of O for any 
given value of 0 isa cubic. The coordinates of O being given, with 
the condition that AL, BM, CN shall be concurrent, we find a 
cubic equation for the determination of cot@; hence for every 
position of O there are three positions of L, M,N such that AL, 
BM, CN are concurrent; of these positions one is always real, and 
for certain positions of O, but not for all, the other two also. 
When of two different positions of L, M, N the one set are the 
isotomic conjugates of the other, it is evident from (2) that the 
corresponding generalised Brocard angles are supplementary ; this 
is of course the case with the true Brocard points. 


The connection of all this with the well known “Point O” 
theorem is obvious, O being the point of intersection of the circles 
AMN, BNL, CLM. 


It may not be amiss to give the coordinates of O for certain 
data. If BL=/, LO=/', CM=m, MA=m’, AN=n, NB=n’, then 
the trilinear coordinates of O are 


blm+cn'l — all’, cemn+al'm’ —bmm’, anil +bm'n' — cnn’. 


If AL, BM, CN are concurrent in the point whose trilinear 
coordinates are A, p, v, then the trilinear coordinates of O are 














a bvr if cAp oi — 
pil ee ak+bp bu+tev/)? 


with two similar expressions obtained by the cyclic interchange of 
a, b, cand A, p, v. 
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(9). If O, O' be any two generalised Brocard points, 6, # the 
corresponding generalised Brocard angles, and L, M, N and 
L’, M’, N’ the corresponding positions of L, M, N, and if LO, L’O’ 
meet in A’, MO, M’O’ in B’, and NO, N’O’ in CO’, then (i) A’, B, 
C’, O, O’ lie on a circle, the generalised Brocard circle; (ii) perpen- 
diculars from A’, B’, C’ to the corresponding sides of ABC co- 
intersect in a point S on the circle, parallels through A’, B’, C’ to 
the corresponding sides of ABC cointersect in a point K on the 
circle, and generally any isoclinals from A’, B’, C’ to the corre- 
sponding sides of ABC cointersect in a point on the circle; (iii) 
the triangle A’B’C’ (corresponding to Brocard’s first triangle) is 
inversely similar to ABC; (iv) perpendiculars from A, B, C to the 
corresponding sides of A’B’C’ cointersect in a point on the circum- 
circle of ABC (corresponding to Tarry’s point), and generally 
isoclinals from A, B, C to the corresponding sides of A’B’C’ co- 
intersect in a point on the circumcircle of ABC; (v) A’B’O’ is in 
perspective with the triangles LMN, L’M’N’ with O, O’ as centres 
of perspective ; (vi) AA’BC + ABCA + AC’AB= AABO, etc., ete. 
In fact the correspondence between the generalised and the true 
Brocard circles is complete. 


A 





Fig. 


Proof. LA'Li=MB'M’=NC'N’=0~6'. Hence the angles 
OA’O’, OBO’, OC’O’ are equal or supplementary, which estab- 
lishes (i). 
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Again, since AMON and A’B’OC’ are cyclic quadrilaterals, 
CAR A. Similarly it may be shown that A‘B'C’=B and 
BC’A’=C. Thus (iii) is established. 

(ii) and (iv) follow immediately from the fact referred to in (5) 
that if two triangles ABC, A’B’C’ be inversely similar they are 
reciprocally isological in an infinite number of ways, isoclinals from 


the vertices of either to the corresponding sides of the other co- 
intersecting in a point on the circumcircle of the former. 


(v) is at once obvious from the figure. 


(vi) is evident from the fact that the triangles A’BC, B’CA, 
C’AB are respectively equal to the triangles KBC, KCA, KAB. 

When 6=4@’, the generalised Brocard circle obviously degener- 
ates into the line OO’ and the line at infinity. 





When the pairs L, L’; M, M’; N, N’ are isotomic conjugates, 
and consequently 6 and @’ are supplementary, S is obviously the 
circumcentre of ABC, as is the case for the true Brocard circle. 
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When in addition to the isotomic relation, L, M, N are collinear, 
and therefore also L’, M’, N’, then not only do O, O' lie on the 
circumceircle of ABC (LMN, L’'M’N’ being their true or generalised 
Wallace lines), but OO’ subtends at the circumference of that circle 
an angle equal to 6, and the angle between LMN and L'M’N’ 
is also 0. 


For in this case twice the angle subtended by OO’ at the circum- 


ference of the circumcircle =OSO’=OA‘O' = 20. Also, in the 
figure given, the angle between LMN and L'M’N’ 


=~ BNL- BN’L'=6+O0NL-7+BNM’ 
=6+0BC —7+6+0'N'M’ 

= 20 —7+OBC+0'AM’ 
=26—2r+OBC+0'BC 
=26—7r+O0B0' =20-r+27-0=0. 


Any circle whatever in the plane can be taken as a generalised 
Brocard circle, and any two points O, O’ on it can be taken as the 
associated generalised Brocard points. We may fix A’ arbitrarily 
anywhere on this circle. Then by joining A’ to O, O' we get L, L’ 
and so determine 6, 6’. The other points M, M’, N, N’, B’, C’ are 
then obtained by drawing isoclinals from O, O’ making angles 0, 0’ 
respectively with CA and AB. 


By treating them as generalised Brocard circles we can obtain 
many of the properties of the circles connected with the triangle. 
For example, if we regard the circumcircle as a generalised Brocard 
circle, we at once obtain the theorem (otherwise sufficiently obvious) 
that if LMN be the true or a generalised Wallace line of O, then 
OL, OM, ON meet the circle in the vertices of a triangle inversely 
congruent to ABC, and that while LMN moves parallel to itself 
the vertices of this triangle remain fixed. 
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A method of finding (i) the double points of a unicursal 
curve, (ii) unicursal quartics with three given 
double points. 


By Dr R. J. T. BEL. 


(Read and Received 13th December 1912.) 


The equations 
Ait) _ Salt) 
v= PE Lg ’ 
oi)’ "ol 
where f(t), (2), $(¢) are polynomials in ¢, determine a unicursal 
curve. If « and f can be found so that 


_ (a? + 2bt +¢)Y,(¢) feos (at? + 2bt + c)¥,(t) 

$(2) (2) | 
then the point (a, 6) is on the curve and is given by two values 
of -¢, ¢, and ¢,, which are the roots of the equation at?+2b¢+c=0. 
The gradients of the tangents through (a, 6) are 








eo — Oh and y— 








Deve b 16) OP 

th xa and b> by a 

L ¥(t) L ¥,(¢) 

or 7 W(d) and sh Hor 


Hence if ¢, and ¢, are real and distinct, there are two distinct 
tangents through (o,f), and (a, 6) is a node. If ¢,=¢, the 
tangents coincide and («, 6) isa cusp. If ¢, and ¢, are imaginary, 
the tangents are imaginary and (a, () is a conjugate point. 

We have assumed that y,(t) and y(t) have no common factor. 
If they had, (a, 6) would be a multiple point of higher order than 
the second and the tangents through it could be found as above. 

Since, when (a, y) is a double point, 

S(t) — x(t) and fx(t) — yd(¢) 
have a common factor of the form aé’+26¢+c, we may find the 
double points as follows :—regard f(t) — x(t) and A(t) — y(t) as 
polynomials in ¢, and proceed to find their H.C.F. At a certain 
stage of the process the remainders will be of the form | 
uP+vitu, we+vtitw, 
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where wu, v,w, w,v,w' are functions of 2 and y. These 
remainders must both be multiples of the common factor 
at? + 2bt+c, and therefore 


Solve these equations for # and y. Any values of x and y which 
satisfy all three equations give double points. (Of course, we may 
take instead of fA(¢)-—ad(t) and f(t) — y(t) any legitimate com- 
bination of these expressions which will simplify the process of 
finding the H.C.F.). 

Let us consider as an example the curve 


ae t? yu tie 
Fy ae Ul ep ee ee eae 
Equating the values of ¢?+¢>-1, we have 
x? +at+y=0. 
We have also at +(x%—-a)t-x=0. ya 
Apply the rule for finding the H.C.F. to the expressions in 
equations (2). 
at +at+y | xt+(x-a)t-x | t 
at? + at? + yt 


—at?—yt-—«x 
Hence for double points 


or a(y—a)=0, =a’, 2” = ay. 

The three equations are satisfied at (0, 0), (a, a), (—a, a), and 
these points are therefore double points. Since @ and y have a 
common factor ¢*, (0, 0) is a cusp. The gradient of the tangent 
there is 


Ly 


t—>0 x patti et) cal) 
hence OX is the tangent at the origin. 


—a(é—1)(@+24+1 
Wetay oar alist, 


e+e? : 
Aes Wel Ng) GST aR 
Hay gt alent Ad alter) 
P+?-—) 
?+i—-l)\(?+i+l 
fears a cea, amie) ert 2) 


eO+e@-1 
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Hence (a, a) is a conjugate point, being given by +¢+1=0, and 
(—a, a) is a node, being given by #@+t-1=0. The gradient of a 
tangent at the node is 


a O+t+1 . 
jee L( -“—*-) when #+¢-1=0, 
x+a t+ 1 





9 


wee 


Bee 





= L( - 2¢) =3°2 or — 1:2. 


The form of the curve is shown in Fig. 1. The numbers affixed 
are the values of ¢, and it is interesting to note in this and the 
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following examples how rapidly ¢ varies at some parts of the curve 
and how slowly at others. 


The constraint equation of the curve is found by eliminating ¢ 
between the freedom equations, or between the equations (2). But 
since we may combine the expressions in these equations as we did 
in finding the H.C.F., the above elimination reduces to the elimina- 
tion of ¢ between the equations 


ee + at +a = 0, at + yt +o =0, |... .ceeeesecneeoesn (3) 


formed by equating to zero the remainders of the second degree in 
the H.C.F. process. From (3) 


whence the constraint equation is 
(x* — ay)’ = x(y — a)(a* — y’). 
It is easy to verify generally that any solutions of all the three 
equations (1) give double points on the curve. As above, the con- 
straint equation of the curve is found by eliminating ¢ from the 


equations 
u?+vit+w=0, w?+vt+w' =), 


and is therefore 
(wu' — w'u)’ = (uv' — u'v)(vw' — v'w). 
Hence any values of « and y which satisfy 
wu —w'u=0, uw’ —u'v=0, and vw’ —v'w=0 


give double points. It should be noted that though the three 
equations (1) are not independent it is possible to find values of 
zx and y which satisfy two of them and do not satisfy the third. 
For example, any solutions of w=0 and u’=0 would satisfy the 
first two and might not satisfy the third. The constraint equation 
shows that if none of the expressions ww’ — w'u, uv’ —u'v, vw’ — v'w 
is a perfect square, (a, 8) is a double point only if c=a, y=f 
satisfy all three equations (1). 

The nature of the double point can be decided by an examina- 
tion of the discriminants of the factors wé+vit+u,wl+vti+w’. Tf 
v’—4wu is positive when the coordinates of the double point are 
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substituted in w, v, w, the double point is a node; if it is negative, 
a conjugate point. But if v?-4wu=0 we cannot at once infer that 
the double point is a cusp. For the coordinates (a, 8) of the double 
point may satisfy the equations u=v=w=0, and in this case the 
factor ut?+vt+w disappears on substituting the coordinates. 
Hence 

ut? +vt+w is of the form F. (pt?+ qt +r) 


where F is a factor which is zero when «=a and y=f, and the 
double point is a node, cusp, or conjugate point according as the 
roots of p?+qt+r=O0 are real, equal, or imaginary. (If both of 
the discriminants v?-4wu, v?—4w'u’ vanish when w=a, y=, 
(a, (6) is generally a cusp.) 

An example may help to make this clearer. Take the curve 


x= a(t? — 2t), y=a(t — 341), 


We have for the H.C.F. 


‘| at? — 2at-—« | at*—3at?+(a-—y) |¢ 
at? — xt? + t(y — a) at’ — 2at? — xt 





Pae—(yta)t—a —at?+tx+(a—y) 
therefore for double points Ree ee ahaa 
} a 2 a-y 
or e+y=a,xcy=0, x =alyt+a). 


Whence we find (a, 0), (—a, 0), (0,-—a@) are double points; [(0, a) 
is not a double point, though its coordinates satisfy two of the 
equations]. 

The discriminants of the remainders are 


(at+y)+4a?, «+ 4a(a—-y). 


The first of these vanishes when x=0, y= —a, but the second is 
positive. Since «=a(y+a) we may write the first remainder in 
the form 


2 
ta —t— — 2 
a 


and we see that it vanishes on account of the factor x. Divide out 
by x/a and we get at’ — xt — a, whose discriminant, «’+ 4a’ is always 
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positive, and hence (0, — a) is a node, and the other double points 
are also nodes. Fig. 2 shows the form of the curve. 


i 





Fig. 2. 
The foregoing discussion suggested a means of obtaining 
unicursal quartic curves with three given points as double points. 


If we can find two conics through the three points and their 


: uv w 
equations can be put in the forms —=—~=—, where wu, x, w, 
uv w 


u', v, w’, are linear functions of a and y, then the coordinates of the 
three given points will generally satisfy all the three equations 


If therefore we eliminate ¢ from the equations 
uP+v+w =0, 
utl+vi+w' =0, 


we shall have the constraint equation of a quartic with the given 
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points as double points. If we arrange these equations as equations 
in # and y and solve, we express « and y as functions of ¢, and 
obtain the freedom equations of the curve. 

It is easy to find the two conics. We may determine the 
constants in the equations 

(e+a)(ytb)=c ay=a'+ Paty, 

so that the conics they represent may pass through three given 
points. The second equation may then be written 


o(y —0)=(%+a)(a+B—a), 


where ad=y—-ab+a’, 
and the two equations therefore give 
et+a 1 a(y—9) 


RCE) Pouca thea) 

Thus if we take the points (a, 0), (—a, 0), (0, —a@) to be the 
double points, we may choose «+ y’=a’, x? =a(y+a) as the conics. 
These may be written hs =—, which gives the third equa- 

at+y « oe 
tion xy=0. This is satisfied by the coordinates of the given points. 
Consider now 
at? + 2kt(a —y) +la=0, ............ (i) 
(a+ y)t? + 2khtx + lx=0, ......... 00 (i1) 
where & and / are arbitrary constants. 
Eliminate ¢ from these equations and we have 





U(x? — ay — a”) + 4h’acy (x? + y® — a?) =0. 
Solve for 2 and y and we get 
by 4he? + lt? y (+ 2kt)—¢ 
a) B44 LOR a + AK + kit 
We have here the constraint and the freedom equations of a 
unicursal quartic with the three given points as double points. 
The discriminant of (i) is k°(a —y)° —lax=D.,, say, 
” ” ” (11) ” k'x* —la(a+y) =D, 9 
When a=a,y=0, D,=(P—-)a’, D,=(F—-Ja’; 
a= -—a,y=0, D=(K+1)a*, D,=(k?+1)a’; 
i a=0, y= —a, D,=4k'a’, b= 0; 
Hence (0,-a) must be a node, but by choosing /= #* we can make 
(a, 0) a cusp, or by />h’, a conjugate point. 
By rearranging the coefficients of ¢°, 4, and the constant terms 
in (i) and (ii) in the cyclic order we obtain three curves. 


9) 
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Greater control over the nature of the double points may be 
obtained by the introduction of more arbitrary constants. Thus 
the equations of any conics through the three points (a, 0), (—a, 9), 
(0, —a) may be written 

a? +ley=(a+y)(at+my), 2 +drxy =(a+y)(at py). 

Whence dies 5 13 an At tener ns 

aty «x+ly «x+dAy 
The third conic is therefore 

(a+ my)(a + Ay) = (a +ly)(a + py); 
or ylzx(m — p) + yma = In) +a(A-1)]=0. 
It passes through all three points if 
1-rA+mdX —-Ip=0. 

Provided that /, m, A, pw, are chosen to satisfy this equation, 
they are otherwise at our disposal and we may assign values to 
them so that the discriminants have given signs, or that the curves 
may satisfy other conditions. 

The following examples have been constructed by the above 


methods : — 
a oh oe -y &—-3?+1 


(i = - 











at 0 Oe ee 
ary? = (a + y" — a?)(a*+2y°+ay—a*); (Fig. 3). 








= x At y 2241) | 
(11) Pree: reas RCTS 


a*(y + a)? + (2° — By? — Lay) (2? — y*) =0; 


(Fig. 4). 





Fig. 4. 
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22 Ver Lice eve 


(iii) ki = phased 
a ih Gels ea eee ele 


121a*(y — a)? + 4(4a? — 12y? + llay)(42°-y’)=0; (Fig. 5). 


21-2) y _ -(1+#)(1-2¢)_ 


SS a eee 


Tey ae 4¢4-30+1 








(iv) ~ = 


9x*(y - a)? + 8(2a? — y? - ay)(a - 2y’+ay)=0; (Fig. 6). 





fe t—2¢ y #-284+7-1 

Vv — SS — 6 ee ee ire ees 

(v) Geter il a pie) oy ee 
(a? + y? — a)? = sy(x? — ay — a”) ; 


( (a, 0) is a conjugate point on this curve) ; 


(Fig. 7). 











. we —-&(3t-2) y #(¢-2)?-1 | 
a a Oi ay Tig De eae For 





a + 2y’ + ay — a”)? = 8xy(a*-ay-a*); (Fig. 8). 
y + ay ) 
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Fig. 8, 
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Notes on Mathematical Induction. 
By Dr R. F. Murrueap. 


(Read 13th March 1913. Recewed 22nd April 1913.) 


Mathematical induction in its simplest form may be stated thus: 
Suppose there is a set of propositions po, p, Po... Which are so related 
that the truth of p, implies the truth of p,,,,, then if py is true, it 
follows that all the other propositions of the set are true. For 
since p, is true therefore p, is true, therefore p, is true, and so on 
as far as we please. 

A well-known example of the application of this method is the 
proof of the binomial theorem for a positive integral index. It is 
based on the identity 





(m7 —1)) , (n+1)n , 
(1+ ne+ Oat +... \(L+a)=1+(n+ let 12 a+ ....(1) 
From this we deduce 
(t+ ne4 "Oars. —(1+2x)"\(1+2) 
+1l)n , 
=1+(n+1jet et ey gay rae (2) 


Denoting by p, the proposition that the first factor of the left side 
of this equation is identically zero, the proposition that the right 
side is identically zero will be denoted by p,,,, and (2) shows 
that if p, is true, so is p,,4, The proposition p, asserts that 
1 —(1+2)°=0, and is true. Hence p, is true. 

It will be convenient in what follows to denote propositions by 
equations of the form p=0, in which p may be called the error of 
the proposition, so that p=0 asserts that the error of the pro- 
position is zero, or, in other words, that the proposition is true. 
In using this notation we do not imply that p is an actual algebraical 
expression (though very many propositions can be made to take the 
form of an algebraic expression equated to numerical zero). For 
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example, the letter » might stand for the error of the statement 
‘‘N is a prime,” so that p=0 would indicate the assertion ‘‘N is a 
prime.” 

Returning to our topic, we note that a slightly more complex 
form of mathematical induction is that which rests on a relation 
such as this: p,=0 and p,,,=0 together imply p,,.=0, which 
combined with the assertions p)»=0 and p,=0 enables us to assert 
that p,=90, p,=0, p,=0 and so on, as far as we please. 

As an example, let us prove that for all non-fractional values of 
x the expression 2* — 4a? +52 - 2x=/(«) is divisible exactly by 12 


ST (a) = x(a — 1)(x — 2)(x — 3) + Qar(a — 1) (ax - 2) 
2 a eae x — 2) — 6x(x — 1) 
~ f(a+2) -—2f(e@+1)+f(x) = 12a(e -1)+12%=122’.........(3). 


Denoting by p,=0 the proposition that f(x) is divisible by 12, 
we see at once that (3) shows that p,=0 and p,,,=0 together 
imply p,4,=9. But /(0)=0 and /(1) =0, so that p,=0 and p,=0. 
It follows that p,=0, p;=0, py=0,...p, = 0, where x is any positive 
integer. 

We remark that (3) also shows that p,,,=0 and p,,.=0 
together imply p,=0, hence we deduce also p_, =0, p_,=0, ...p,=0 
where «x is any negative integer. 

The next higher type of mathematical induction is when there 
exists a relation, true for all values of n, or for all integral values, 
between 7,; Pits Pnio Pn4s n virtue of which we can infer that 
Pniz3=9 is a consequence of the assertions p,=0, p,,,=0 and 
Pniz=9 taken jointly, and it is granted that p, =0, p,=0 and p,=0. 
The conclusion is that p,=0, p;=0...p,=0, when m is any positive 
integer. 

But the term Mathematical Induction may have still wider 
application. The following general statement would include many 
special forms. Let p,=0, p,=0, ... p.=0 be a set of propositions, 
and let it be granted 


(1) that between certain groups of these propositions relations 
exist of the type $(p,; Ps Pe ++» Pry Px) =0 in virtue of 
which we can infer p,=0 if the “errors” p,, p,...p, are 
all zero ; 
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(2) that the relations ¢ can be placed in a certain order, say 
fr, po bs, $y... Such that each relation involves only one 
new “error” 7.e. only one p which has not already 
occurred in the preceding relations, that one being 7, ; 

(3) that if Pay Poy +++ Pas Pr, be the errors involved in the 
first relation ¢,=0, it is granted that Pa, =9, Po, =9; 
++ Py, = 9. 


It will then follow that all the propositions of the set under 
consideration must be admitted as true. 


The most usual case is when the ¢-relations are all of the same 
type, each referring to the same number of ‘‘errors.” In this case 
the successive relations may be written 
P(Poy Pr P2-+-Pr) =9, P(Pyy Pay Ps---Pr4i) = O.. PUD a Deris Paya ++ Petr) = 9; 
and the propositions which must be granted as a basis for the 
induction, are p= 0, p, = 0, ... p,, =0, if we suppose that »,, 7,, po... 
are successive terms in a regular series of propositions. 


A more general case arises when we have the relations 
P(P > Pep P+ Py) =0; Pp,» P ayo Py.) =O 


UO a Pe. “+ Py )= 


Be Paps PD ss 


~ 


In this case the necessary “basis” of the induction will depend 
on thé mutual relations of «, £, y...A. 

If, for example, «, 6, ... A form an arithmetic progression of k 
terms with common difference d, a sufficient basis would be afforded 
by the kd — 1 propositions p, = 0, p,=90...p,q_) = 9. 

The case in which there is a two dimensional array of proposi- 
tions to be proved deserves special treatment. A simple case of 
n.(n—1)(n—-2)...(n-—r+ 1) 

r | 
which has to be proved for all positive integral values of n, and all 
positive integral values of r which are not greater than n. 


From the identities ""7C,="C,+"C,_, and 


this is the elementary theorem "C,= 


(n1+1)n(n -- l)...(m-r)_ n(n- 1)...(~—r+1) 4, Ma 1). (aa4) 
r! rd r—1! 
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we deduce the relation p,4;,, —Dn,+>— Pn, ra =9 


—l..nm-r+l 
where p,, , Stands for "C, — Peg eh Ma 





r! 


Here the ¢-relation (4) implies not only that p,4;,, =0 follows 
from p,,,=0 together with p, ,,=0, but that if any two of the 
errors are both zero, the third also must be zero. 

The propositions required to start with in this case are infinite 
in number, but are all proved by a simpler mathematical induction, 
and for the present purpose may be assumed to be true. They are 
the propositions p, , =0, Po.=90, P3.3=9-+-Pm, m= 9... 
and Do =U, Vs =U, Di era ee 

To make it clear that the proposition p,,,=0 can be reached by 
induction for any significant values of m and r let us take a row- 
and-column table, as shewn in Fig. 1, where each place refers to 





certain values of » and of 7, and the dots indicate the values of 
m and 7 for which p,, ,=0 is given. 

The “graph” of the relation (4) is clearly of the form :,, and 
it is easy to see that by superposing it sufficiently often on the table- 
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spaces beginning with the first and second rows, proceeding with 
the second and third rows, and so on, we can reach any place to 
the right of the dotted diagonal of the table. 


In order to have no blanks in the square array of the places in 
the table for this particular application it would be necessary to 
write n+7=1 instead of » in the expression for which p,, ,. stands, 
(n+r—1)! 
(n—I1)!r! 
o@=0 will still be p,1),+-Pp,+—Pn,rr=9, but there will now be a 
meaning for p,, , for any positive integral values of n and r. 


so that we should have p, ,="t”"C, - the relation 








The graph of ¢ is still of the form ;., and the necessary basis 
of admitted propositions will consist of those corresponding to all 
the places in the one row and in one column, e.g. in the first row 
and the first column. 

In what immediately follows we will suppose that the array of 
places is square, and includes places corresponding to all positive 
integral values of n and of r. 

The preceding example suggests a discussion of the ‘ pousto” 
or graph of the basis of admitted propositions which will suftice for 
different forms of induction-graphs on a two-spread in order that 
complete induction by means of the corresponding ¢-relation should 
be possible. 

The simplest graphs will be those consisting of two places only. 
The graph , « requires as ‘‘pousto” no more than the first column 
of places, and if in (p,, 5 Dn, ri1) =; Pur =9, and p,, 4, mutually 
imply one another, the first column may be replaced by one place 
taken arbitrarily from each row. 

Similarly for the graph ; a sufficient ‘‘pousto” would be one 
place in each column. 

For the graph *, the first row and the first column would afford 
a minimum pousto; but for the graph , *" the first row or the first 
column would suffice. 

For the graph , . . the first two columns would serve as 


pousto, for * the first row and the first two columns, for 


Ss ° ° 


the first row alone, or the first and second columns, and so on for 
other binomial graphs. 
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For  — the first row or the first column would suffice, while 


es ° 


s ° ° a s Ls] 


for ,-10r and 


s a a 1] ° Ss 
required. There is thus a distinction between graphs which require 
only a row or a column for pousto, and those which require two 
rows, or a row and a column, or other combinations. 


both a row and a column would be 


In general, if the graph of a ¢ can be contained in a rectangular 
block of places with » rows and v columns, a suflicient “ pousto” 
will be afforded by » - 1 rows and v—1 columns; but in some cases 
a smaller basis will suffice, some requiring rows only or columns 
only. 

If we have two independent ¢ relations having graphs of fixed 
shape, then in many cases a finite number of places will serve as 
‘‘pousto” on the graph-table. for example, any one place is a 
sufficient pousto for the simultaneous graphs ; and , ,, if the 
implication of the ’s is mutual ; and if otherwise, the place common 
to the first row and column is all that is required. 


The graphical treatment of mathematical induction can be 
extended to cases where there are three or more independent 
integra] parameters, by employing arrays of places of three or more 
dimensions, and similar remarks will apply to the nature of the 
‘‘pousto” in various cases. 

The problem of determining a ¢-relation which will enable us 
to prove a general proposition involving one, or more than one, 
integral parameter is perhaps worthy of investigation. On this 
topic I content myself by offering one or two remarks. 

Suppose the general proposition to be p(n, 7, qg...)=0. If 
p(n, 7, g..-)=a(n, r, g...) a(n, 7, g...), and if we can prove two 
related identities 

Aa+ BB+ Oy +...=0 
Aw’ + BB’ +Cy'+...=0 


where a, (, y... are cases of a(n, 7, g) with certain related values 
of the parameters, and «’, f’, y’... are the corresponding cases of 
a'(n, 7, q), then we can deduce the identity 

A(a 0!) +B(B - B’) + O(y-y) +... =0 
or Ap + Bp,+Cp_+...=0, 
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where p is the case of p(n, 7, g...) corresponding to «, and so on. 
a 


This is a ¢-relation which may be used to effect an induction, 
provided a sufficient basis can be established. The proof of the 
formula for ”C, given above affords an illustration of this procedure, 
in the case when the number of parameters is two. 

The general problem of this section would be: Given a theorem 
p(n, 7, g...) =0 to be proved, to find a relation 

P{P( Mi rAr-++)s P( Ms 29o--+)s P(Ms5 Ms Js)+» | =O 

where 7, 1,, @j---%s) To Qo...) etc., are integral parameters having 
definite relations to one another. This problem would probably in 
most cases have an infinite number of solutions. 

The converse problem is: Given the form of the relation ¢, to 
find a proposition p which satisfies the relation. It also would 
probably have an indefinite number of different solutions. 
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On a certain Class of Linear Substitutions with Common 
Invariants, and an Associated Substitution of Order 


Four. 


By D. G. Taytor. 


(Recewed 21st April 1913. Read 9th May 1913). 


Section I.—A Class of Linear Substitutions with Common 


Invariants. 
$1. The determinant 
D = Ay, Ags «++ Dy_iy Ay ’ 
Any hy, wie Anos Ani 
: Ay, Azy «++ Uns ay 


each row of which contains the same » elements in the same cyclic 
order, with a, always in the leading diagonal, is the product of n 
linear factors,* which we shall write as follows: 


n 


k= > ap "O04, (a= 1, 2... 1m), 


where p is any primitive n™ root of unity. That 4, is a factor of 
D is at once evident on multiplying the respective columns after 
the first by p~4, p-24, ... p-™-Na, and the respective rows after the 


first by the same quantities in reversed order, and then adding all 
the rows (or columns) together. 


Consider the linear substitution of which D is the determinant: 


Uy =A, 0,/+0.%,+ ....+ Oe 


nw 7 


ae ae 


/ 
Wy = Ank, + gly t ... +O, 2, |} 








* See Scott, Determinants, p. 81. 


_ 
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Form its characteristic equation 


J (hk) =9 
by putting 


eeake (B= 1572; ..'27), 

she y (B ) 
and eliminating the «,. The roots of /(£) are clearly the above &, ; 
and on substituting ee for ai in equations (1) we find that they 


are satisfied, provided 











wy = ne) = = eri _ ky 
p74 p-2a rl i p-(m-1)a 
These values of 2, ... x, define an invariant point* or pole Ba of 


the substitution. By varying a we obtain n poles P,, P,, ... P,, 
forming a complete set of poles, with their coordinates entirely 
independent of the coefficients a,, With the one restriction that D 
must not vanish, the a, may have any real or complex values, and 
every substitution of the form (1) possesses the common system of 
invariant points P,, ... P,,. 

The corresponding linear invariants, or invariant (n — 2) planes, 
also possessed in common, are easily seen to be 


a = ea a =a ms Ss é 
pee ra,=0, (Ce 1 poe eee (2) 

$2. The result of successive applications of substitutions of the 
class (1), whether alike or different, is always another substitution 
of the class, the multipliers (or roots of the characteristic equation) 
for the resultant being the products of corresponding multipliers 
for the components. The substitution inverse to (1) is also of the 
same class. 

There will be differences of type + within the class, according 
to the system of equalities among the multipliers. The minimum 
system of invariant points and (n — 2)-planes, viz. the P_ and the € , 
belongs to all: but these will not exhaust the invariant points and 
(nm — 2)-planes of a substitution having one or more equalities among 


* Linear Substitutions and their Invariants, §2. Proc. Edin. Math. Soc., 
Vol. XXX. 
+ Ibid. §9. 
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its multipliers. Such a substitution will have at least one line of 
poles, and at least one pencil of invariant (m — 2)-planes. 
Given the P_ (or the € |) and the corresponding multipliers, we 


can build up the substitution uniquely. If the mutual ratios of the 
multipliers are r” roots of unity, the substitution will be of order r. 
(Ibid. §5.) We can thus construct substitutions of the class (1) 
of any order we please. 


Section II.—The Associated Substitution of Order Four S(p). 


§3. Consider the substitution which transforms the frame of 
reference into the invariant frame of (1). Writing 2’ in place é in 
(2), and introducing the numerical factor 1-3, taken always with 
the positive sign, we express it in the form 


' ae \ a ua 
x =n oe i (a= 1, 9, \.. %)..se ene (3) 
The introduction of the factor n-? reduces the modulus of the 
determinant of (3) to unity, as will appear shortly. We shall 
denote this substitution by S(p), the left-hand member of its 
characteristic equation by A,(o, &), and its determinant by A,(p, 0) 
or simply 4,(p). 
Thus, with k=n~3k, 





A,(p, k)=(n-3)"| p—K, p end rata he ib . 
p 4 p'-k cee p2n-1) ak | 
casks ecklneCateehheelps ete feet tgee taana | 
pe-1, p2n-) — k, Wa), a pe- DP - K, 1 
[eh ae Rater 1 «1 aaa 








To obtain the substitution inverse to S(p) multiply both sides 


of (3) by p’”, and add for the n values of a. The coefficient of ag 
on the right is 


mo gar tere 


—_ 


a=l 
which differs from zero only in the case of 6 = — y, and then takes 


the value m2. Hence 


= sh i AY Oh 
S(p). ea) 4 a wm (Y= 1, 2; . 90) (4) 
a= 


where a, is regarded as equivalent to a,. 
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The only difference between (4) and (3) is that on the left of 
(4) the order of the first (2 — 1) variables a, ... x,_, is reversed. 
Now let as (y =1, 2, ... 2) be the result of two applications of 


S(p). Then 
S*(p). a” =n S pla! by (3), 
Y p=1 B 

tee by (4); 
the original variables being restored, but, with the exception of 
the last, which remains unchanged, reversed in order. It follows 
that S*(p) is equivalent to the identical substitution, and that 
S(p) as of order four. Further, since the multiplier with which the 


variables are restored is unity, we have 


A(p) = 1, 
UO CR DID a aay ret ees acny rehcory xs side (5), 


p having one of the values 0, 1, 2, 3. 


$4. S(p) being of order four, the roots of its characteristic 

equation must be fourth roots of unity (Jbid, $5), whence 
A,(p, b)=(—)"(b = L(+ 1) = yk +0) 

where ORF Bt b= th evans canes ite vac ry gy cee (6) 

In finding the indices, we shall confine ourselves to a specific 
value of p, 

p=eap(2ri/n). 

The more general case need not detain us, for other values of p 
lead to the same quantities 2 in (3), only in a different order. 


By multiplication of determinants we find for 
n= 2m + I, A.(Ps k)A,Ap, yea k) = ae (k + ius Oo + Lge 
= 2m, Pi (k? a Ly"? a in} (7) 
By a theorem of Gauss (see Mathews, Theory of Numbers, §184), 
writing 


~ 


a— 
= = eap(2s*ri/n), 
Sas 


we have for 


n=0 (mod 4), S=(1+2) ./n 

=] = /n 

=2 = 0 
3 


= 1 /n. 
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Now the coefficient of k"~* in A,(p, &) is 
(= nS 
and with n = 2m+1, A,(p, &) must by (7) have the form 
a cp a=. 
An(p, &)= —(k-1) (k+1) (kw) (k+1) 
Picking out the coefficient of the second-highest power of k, we 
have for 
n=1 (mod 4), (2a—m—1)+7(2B-m)=1, a= a Pes: 
n=3 (2a —m—1)+2(2B —-m) =1, a=}(m = 
Again with n= 2m, A,(p, &) is of form 
A,(p, &)=(k-1) (k+1) 


whence for 


m+1-a 


lm 
gm 


eee 


(ena (has) ay 


m+1-a 
n=0 (mod 4), a=3m+1, B=hm; 
=2 a=4(m+1), B=3(m-1). 
The following table summarises these results, and also gives the 
values of p in (5): 





n A, (p, ) p=(mod 4) 
4s —1)*'k+1)(k -12)(k+ 07 2s+1 
4s+1 ~ (k= 1)*(k+1)(k —1)(k +4) 2s 
4s 42 (k — 1) + 1) — 1)(k +1) 2842 
43 +3 — (k= lyk + 1)4(k — 1) (ke + i) 2s +3 


§5. Taking qg, r, s, ¢ as in (6), the canonical form of S(p) is 
clearly the following : 


35 ad oe. (a = iP a eecece qQ)s 


Caner (P=q+1, AACE q+7r), 
ak ae (y=qt+rt+l, iaee g+r+s), 
fe= —2€,, (6=q+rt+stl1, Rea'coe ), 


the € being a set, not in general unique, of linear invariants of 
S(p). It remains to express the € in terms of the original co- 
ordinates «. 
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A separation can be made between the € with real and those 
with imaginary multipliers; the former appearing as the invariants 
of a new substitution in (¢+7) variables, and the latter in the 
same relation to another substitution in (s+¢) variables. The 
reduction shows that the € are in all cases real linear functions of 
the a; thus the linear invariants, and therefore also the poles of 
S(p) are all real. 

An invariant of S(p) with rea! multiplier (+1) is an invariant 
of S*(p) with multiplier +1, and therefore by (4) is unaltered by 


interchange throughout of z., Pe (es 2, ye, te 1) AD 


invariant of S(p) with imaginary multiplier (+7) is an invariant 
of S*(p) with multiplier —1, and therefore simply changes sign on 


interchange throughout of, a. 
5 a w%—a 


Write ete, .=Yy 
Naor Wed. ea! 
where a takes all integral values from 1 to m or m—1 according as 
n=2m+1 or 2m. In the latter case write x,,=y,,, and in both 
caseS %,=Ym41 [hen the invariants with real multipliers are 
linear functions of the y, those with imaginary multipliers of the z. 
But putting 


p- +p “= 2cos(27ra/n) = | (8) 
- i(p- —p aa) = 2sin(27a/n) = 7 
and taking 
(i) n=2m+1, we have from (3), 
Jn : a= 2 Tap¢ et EL aT (a = I, oa a 
Cae” 2 0 OURO Boos |5 3,517, (9) 
Jn ° Y m+ = > YB w Ym4i | 
p=1 : 
and 
Ne. 2 = > iTag* 9 (GL BV rn 1h) hoe mare artes (10) 


The former is a substitution of order 2 in the (m+1) variables 
Yi++-Ym41, OL which the invariants, when expressed in terms of the 
x, are those of (3) with real multipliers, and have real coefficients 
throughout. The invariants of (10) are likewise identical with 
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those of (3) which have imaginary multipliers; and since, if we 
omit the 7 on the right-hand side of (10), the only adjustment 
required is to alter the multipliers from +7 to +1 respectively, the 
invariants themselves remaining unchanged, it is clear that they 
are real functions of the z, and hence also of the 2. 


(ii) Similarly for n=2m. Equations (9) are replaced by 


m—l 


Jn.y' = > Tapa t (—)°2Ym + 2Ymois (a= 1,...m — 1) 
p=] 


m—1 
J/N2-Y n= a (-)P¥g+ (—)™ a) gk Y m+) Se ca (11) 
p=1 
m—1 
' = 
‘Siaeet 3% Um vt m 
JY mir= "Up Yn Ya 
and (10) by 
m—l1 
Jn.s = 34 gop (o=1, «mm 1) eee (12) 
p=1 


On comparing the forms assumed by the characteristic equation 
in (9) to (12) with those of the table of § 4, identities are obtained, 
of which the following may be noted: 

With n=2m+1=4s+1, the o, t having the values defined 
in (8), 





=— 2 s 
| aS en aoe Tim ee = —(k— ,/n) (K*-n);, 
| Sptor og Tala hed, Ares Ca a 
o C. Tm2 —K, 2 
m 9 2m S/O Sars is m~ 3 — 
1 eae Otis 1 , l-k 
9 
Teo he Tet Se eays eet te =(kK°+n)* 
T. 3 T4 — K, eeeree Tom 
| Ter te Te ae Tm? — K 


The invariants € obtained by the help of (9)-(12) as far as 
n=8, are tabulated below. Only those with multipliers +1, +2 
are written down; those with multipliers -—1, —7 are deduced 
therefrom by changing the sign of ,/n wherever it occurs 
explicitly. In the cases of two or more invariants with the same 





ae “ 


—— 


--— 


——— ee ee eae SS eee ee ee SEs eee 


—_-- 


ee Eee 


EE 
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multiplier, those given are not unique, and any linear functions of 
them would serve equally well. The form 


nr 
—~\ 


ee iy eit sn 
which appears first in each set, is at once seen to be invariant 
from (3). It is to be remembered that the o, + depend on the 
value of n. 

Since the determinant of (3) is symmetrical, the pole 

corresponding to any invariant 

a=? ae 
can be immediately deduced: it is in fact the point with co- 
ordinates (, p,...p,). The extension to the case of equal 
multipliers is easily made. 

Relations come to light in the process of finding the forms, 
which are exemplified in the case of n=7. For this case the 
substitution (9) will have as an invariant with multipler +1 the 
function 


Pade 
provided 
—(,/7-0,)p,+ T2P2 + T3P3 + ps=9 
Top, —(/7 — o5)p. + Op; + p,=9 
O3P, + 0 Po —( /1 - os) ps + p,=9 
2p, + 2 pot 2ps—(/7- 1) py=0. 


Since there are two invariants of this kind, only two of these 
four equations can be independent; in other words, each first 
minor of the determinant of the coefficients is zero. This can be 
verified in virtue of the relations 

o.+0, +o, =-l, 
O03 +030, +0,0,= —2; 
and the statement remains true when the sign of the radical is 
changed. 
Similarly the conditions that 


be an invariant of (10) for this case, with multiplier +7, are 
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aa Te Type ToDo + Ts; = 0 
Top, — ( NI + 73)P.— YE 3 0 
T3P\ — T Po — ( at = T>) D3 = 9, 


only one of which can be independent. This is evident on 
remembering that 
<6 ie ee pede fa Nap 
ToT 3 + T3T) — TT) =0, 
but is no longer true when the sign of the radical in the three 
conditions is changed. 


$6. The application of the substitution (3) to the transformation 
of algebraic equations may be indicated. The equations 


$,(x) = ul At —x,)=0, 


Y,(x) = UI ( —a )=0 


are reciprocally related, the roots of each being derived from those 
of the other by the same linear substitution. 

Consider the effect of increasing the roots of ¢,(a) by the 
constant quantity A. It is clear that all the roots of y,(x) will 
remain unchanged, except 2’,, which will be increased by  /n. A. 
If therefore we choose A= —n~ Y &,, two things will happen : 

a=] 

(i) the term in 2" will drop out from ¢,(«) ; 

(ii) the new @’, will vanish, and y,(a) be replaced by the function 
of degree one lower 


n=1 


Yni(z)= Il (w--a’ ). 


a=l 
Were it possible to obtain the x’, in terms of the coefficients of 
$,(x), (a) could be solved. In the case of the cubic 
(x) = x* + 3px +q=0, 
(3) reduces, after the change indicated, to the equations 
ay’ = 34(war, + wx, + 2), 
Hy = 3~*(w°a, + way + Hy), 




















(2x + ah a (4 + ty) 
(ww —2) + (le ~"e) tog) te gf — (eb 'e)p 
(Ox — %x)g/* + (40 — 'a)y , "a g/ +a 
Me — %) Ay Ca ear) + (8x — ry) ("a + *x)(Lo —®o)+ (Fae) Oy. — 89 — 0) + (9% + tx)(/% oe ep — to) 
(ta —%e)(y/% = %2) = (Pa —'2)a fe ys +25 
(gh +=%=% ong) top — (tet xg /% ~ Ce + e\(gh +5) 
(Par — Sar)? + (2 — Tar)(g/* +") *a sg /% + &Z 
o3 (fa + Sar) — ("00 + 'at) 
= (8a — %)%2 + (Fa —"e)(@/X +1) Se -g/ +uz 
vor - oon 
fy — Ip ton se |X + XZ 
ty — Kee te ef§ +2xz 
auou fons eX + oe 
a+ 4[n00 [+30 


‘((J)Q dO SLNVIUVAN] UVANI'T dO WIAVY, 


NI 
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whence 
oy ty a ae 
Oe Ate ei) 1 Oe Wye ee = OUR Oates 
leading to the usual solution. In the case of the biquadratic also 
the method leads to Euler’s reducing cubic. 


Section III.—Triangles in Multiple Perspective. Geometrical 
Interpretation of Substitution (1) for n=3. 


$7. The triangle X,X,X, is said to be in perspective with 


Y,YeY > the order of the vertices being significant, when 
X,Y , X.Y,, X,Y. meet in a point. Thus X,X,X, may be in 
a B y xf 


perspective with another triangle in either of six different ways, 
according to the order of the vertices. Let the vertices, referred 
to X,X,X, as triangle of reference in any system of homogeneous 
point-coordinates, be 

we (%ya5 Ly09 ys), (r= 1, 2, 3) > 
then the six cases, with their conditions, fall into two sets of three 
as follows: X,X,X, is in perspective with 


(i) YY, provided 2 ,.2o3ag) = 2 9%oXgo 
Ly eee G'S A Ons Vad neal val bayaxl eee (A) 
(iii) Y;Y,Y, ” U1 s3UyXeq = Hj XooU3g 
(iv) Y,Y;Y,. ” LooU 1X13 = LegXyoXoy 
(Ve Vato Ys eS Lool1Xoy = — me er ey: (B) 
(vi) Y.Y,Y; ” Hy LogXoq = Loz, X13 


The poles of perspective will be called Z,(r=1, 2, ...6). Sets 
(A), (B) are distinguished by the cyclic order of the vertices 
Y,Y.Y;. In each set any two of the conditions involve the third. 
It is thus clear that 

(a) truple perspective will occur when two conditions of one set 
are fulfilled, and therefore two of the vertices (say Y,Y;) 
may be taken at random. The three poles of perspective 
are clearly the vertices of a third triangle in triple per- 
spective with each of the other two, the poles for each 
pair being the vertices of the remaining one ; 


(B) quadruple perspective occurs when three conditions, not all 
of one set, are fulfilled. The construction of such a case 


———————— —_ 


ee 


OE ee 
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is a simple and instructive exercise in homogeneous co- 
ordinates. 

One vertex (say Y;) may be taken at random, and the 
system of coordinates so chosen that it becomes the 
point (1, 1,1). Thus if cases (i)-(iv) hold, we have for the 
coordinates of the other vertices 

LyoXog = Liga = L1Xoo, 
Uy gXox = Ly 9%o, 
ee oat Ce 
whence — = "=a, say, 
%3 Uo, Hy Wy 
and Y,, Y. are given by Y,(1, «%, 0), Y.(a, 0, 1), o being 
arbitrary. 


2, 





Triangles X,X,X,, Y,Y,Y; in quadruple perspective. 


[The figure is given for an arbitrary position of Y,, and «= — 2. 


The collinearity of Z,Z,Z, is a coincidence, due to the value of « 
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chosen. For it is easily found that the coordinates of the poles 
are 

Lig 0-5 0s) Zils ek), ) Zig 1, Ohe-)s 12a) Ce 
and the determinant of the coordinates of the first three 
=a(a—1)?(a+2), vanishing for «= — 2.| 


(y) Sextuple perspective occurs on the fulfilment of all six 
conditions, but, there being only four independent, one 
vertex Y, can still be taken at random. The conditions 
yield 

fy @y Ms _ Te _ Bry _ Bn 
U9 tig Ohl) nt tee 13 
= (clearly) 1, o, or w’, 


Unity is rejected as reducing Y,Y,Y; to a point. We take the 
value w, and obtain the triangle Y,(w’, o, 1), Y.(, »’, 1), Y,(1, 1, 1); 
the value w would simply interchange Y,, Y,. Thus there is only 
one triangle in sextuple perspective with the triangle of reference, and 
with a vertex at an arbitrary point. Lf that point is the real point 
(1, 1, 1), the other two vertices are imaginary points on the real line 


CP a, + oe U, 

§8. Consider the substitution (1) for ~=38, applied to the 
system of coordinates here in use. It is evident that Y,Y.Y; is 
coincident with the invariant triangle of the substitution. We 
shall therefore revert to our previous notation and call it the 
triangle P,P,P;. The six poles, in the order of §7, are 


(i) Q,(1, 1, ”), (iv) R,(1, 1,9), 
(ii) Q,(1, o*, 1), (v) R,(1, @, 1), 
(ili) Q,(w’, 1, 1), (vi) R,(, 1, 1). 


To pass from one system of homogeneous coordinates to another, 
with the same triangle of reference, we simply alter the co- 
ordinates of each point in definite ratios, so that, eg. the old 
coordinates of a point having been 2, a, 2, its new ones are 
(xa,, Ba., yx3), %, P, y being constant for all points. Thus the 
triangle T,(w’a, wf, y) T,(wa, wf, y) T3(a, 6, y), whatever the 
system of coordinates, is in sextuple perspective with the triangle 
of reference, and can be made to coincide with any triangle in this 
relation, by giving suitable values to «:6:y. Now the two sets 
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of multipliers a:8:y = w°:1:1 and w:1:1 respectively change 
the points 
teed aed Q,Q.Q; R, RR, 
into Q;Q.Q, RRR, P;P;P., 
and RRR, PPP, Q,Q,Q,. 


Hence each of the triangles P,P,P;, Q,Q,Q;, R,R.R, is in sextuple 
perspective with the triangle of reference, and the poles of per- 
spective in each case are the vertices of the remaining two. 


§9. The relation of P,P,P,; to X,X,X,; may be expressed by 
another geometrical analogy. A point and a line are called 
harmonic pole and polar with respect to a triangle in their 
plane when the line, and the joins of the point to the vertices, 
‘divide the three sides harmonically. If each vertex and opposite 
side of one triangle are harmonic pole and polar with respect to 
another, the former may be called se/fpolar with respect to the 
latter ; and, as it easily follows from the conditions obtained below 
that the relation is reciprocal, the two triangles may be called 
conjugate. 


To find the conditions that the three points 
(Sats Loos Xa3)s (a= i; 2, 3), 

form a triangle self-polar with respect to the triangle of reference. 

Denoting by X18 the cofactor of ag in the determinant A of 
the coefficients, and expressing that each point is the harmonic pole 
of the line joining the other two, we obtain the nine relations 

Hi pa 
a a 


8 = const. = 34. (a, B=1, 2, 3). 


The two relations 


B 


Wy Xqy = LyX oy LygXgz = Log Xo 
may be written respectively 
Mgq( Hy1%oq + yom) = Wop ( yoy) + 4X30), 
%33( oq — 2 poy ) = Lo3(X 12g) — Hy,X30), 
whence, and by symmetry, 
Wy {MoU 33 = Nox 31H 9 = UyoM%13Vo1, 


Wy 1 Ho3V 39 = No9W 31H 3 = W330 Wo}. 
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These conditions, which satisfy all the nine relations, are exactly 
those for sextuple perspective (§7). Thus triangles in sextuple 
perspective are conjugate, and vice versa. 

The triangle P,P,P;, being uniquely determined as soon as the 
system of coordinates is specified, might be fitly called the principal 
related triangle for the system. 


$10. The substitution (1) becomes for = 3, 


/ 
AM = AnXy a Xp te AnXs ee (13) 
Ley = AyL, + Ag) + A,X 


Taking 2, x, x; aS homogeneous point-coordinates, we must 
distinguish two possible interpretations. First, it might mean 
that the point whose coordinates are 2, x, x; has to be shifted to 
(x;', Xp, 2%); thus (1, 0, 0) would be shifted to (a, a,, a,), etc. 
Secondly, it might mean that the dime whose equation is 

Lx, +1,%,+ 1,7, =0 
is to be shifted into the position of the line 
[0 + lady 1 Lyte 
= (yl, + Agly + Agls) a, + (gl, + Ay, + Asls)X_ + (zl, + Agl, + a,/,)x,= 0; 
so that 2,=0 would become 
A,X, + Ae, + A,X, = 0, 
and so on. 

If in (13) we replace a,, a, a3; respectively by A,, A;, A, the 
cofactors of a, a3, a, in the determinant of the coefficients, the jirst 
interpretation of the new substitution is geometrically equivalent 
to the second interpretation of (13). We can therefore afford to 
ignore the second interpretation as virtually involved in the first. 


It is also easy to see that the geometrical effects of (13) in its two 
interpretations are mutually inverse. 


$11. With the first interpretation, then, (13) shifts X,X,X, into 
Y4(@, @3, %), Y3(@) 1, 3), Yo(@3, 2, %). These coordinates satisfy 
equations (A) of $7; hence every triangle into which X,X,X, is 
changed by (13) 1s in triple perspective with X,X,X, itself. 


OO — 
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The poles are found to be 
Z(ay", a", a3"), 4,(a3", ar", a2"), Asay", a3", a"); 

satisfying equations (B) of $7, and therefore forming a triangle in 
triple perspective with X,X,X,;, but in reversed cyclic order. 

The condition that Y,, Y., Y; should satisfy (iv) in addition to 
(i)—(iii) is 

Ay = As) 5 

thus the equality of two coefticients in the substitution involves 
quadruple perspective between X,X,X, and every triangle obtained 
from it by the substitution; and the same holds if two co- 
efficients have the ratio » or w’, though the triangle is then 
imaginary. Whatever the system of point-coordinates and the 
value of «, the triangle (a, 1, 1), (1, 1, «), (1, a, 1) is in quadruple 
perspective in ways (i) to (iv) with X,X,X;, 


$12. The invariant points and lines of (13), forming the 
invariant triangle, are 


Pio’, 0, 1), /3. & = wx, + wa, +X; 
BG, Oy lye glo eg) ly FOO, Fs pos eg ee fens ns (14) 
Ea lls), JD. bs= 2%, + % +2, 

This triangle is what we have called (§9) the principal related 
triangle for the particular system of point-coordinates in use. It is 
in sextuple perspective with, and conjugate to, the triangle of 
reference (§§8, 9); and not only so, but, as perspective and 
harmonic properties are unaltered by a linear transformation, it 
stands in the same relations to every triangle obtainable by (13) from 
the triangle of reference. When we say ‘by (13),” we mean by 
every substitution of the form (13), the result being independent of 
the coefficients of (13). 


§13. The geometrical interpretation of S(p) for n=3, or of 
S(w), 1s plain: it changes the triangle of reference X,X,X, into 
the principal related triangle P,P.P,; for the coordinates in use, the 
order of the vertices being significant. S(w*) will change X,X,X, 
into P,P,P;, and substitutions of like form will change X,X,X, 
into each of the other four ways in which P,P,P,; may be named. 
Each pair of substitutions, such as S(w) and S(w’), gives one 
invariant triangle, and the nine vertices are as follows, the three 
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last deduced from the table of $5, the others by cyclic inter- 
change :— 


Dycputyt Ss 8.4/3 4+ 1,1; 1, Si,(- ./341, 1, 1); 
Satis ve J3+1, Li, Sao( ot I, 0, it Sas( 1, J3+ r be 
Sa(l, 1, J3+ 1), Sso(1, ib 4 /3+1), S33((1, ee 1, 0). 


They are all real, the three diagonal ones lying in a straight line, 
and the others, in two sets of three, forming triangles in triple 
perspective with X,X,X;. 

Under repetitions of S(w), X,X,X, passes through the successive 
stages P,P,P,, X,X,X,, P,P,P,, and so back to X,X,X,, the points 
Ss, Sse, S33 remaining fixed ; and similarly in the other cases.* 


* Since writing the above, I have found the following references to 
triangles in multiple perspective :— 

Homologous Triangles, by Thomas Muir, M.A. [Mess. Math. 2 (1873)]. 
‘*Triply homologous” triangles are discussed, the vertices being taken in the 
same cyclic order throughout. 

Perspective Dreiecke und T'etraeder, by Edmund Hess [ Math. Annalen 28 
(1887)]. Here sextuply perspective triangles are introduced, the standpoint 
being geometrical, and the application different from that of the present 


paper. 
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Integral Equations and the Determination of Green’s 


Functions in the Theory of Potential. 


By Professor H. 8. Carsiaw. 


(Recewed 20th May 1912. Read 9th December 1912). 


In the Theory of Potential the term Green’s Function, used 
in a slightly different sense by Maxwell, now denotes a function 
associated with a closed surface 8S, with the following properties :— 


(i) In the interior of §, it satisfies V"V =0. 
(ii) At the boundary of 8, it vanishes. 


(iii) In the interior of 8, it is finite and continuous, as also its 
first and second derivatives, except at the point (x, y,, 2,). 
| , 1 
(iv) At the point (a, y,, 2,), it becomes infinite as ree when r 
Tr 
tends to zero, r being the distance from (a, y, 2) to 


(24, Yr; %): 


In other branches of Applied Mathematics similar functions 
have been introduced and called by the same name. These have 
become of increasing importance as kernels of Homogeneous 
Integral Equations. In the applications of Integral Equations 
in Mathematical Physics they occupy a prominent place.* 


* Cf. Kneser, Die Integralgleichungen und thre Anwendungen in der 
Mathematischen Physik (Braunschweig, 1911). 

We shall refer to Kneser’s book in the following pages as Kneser, 
Integralgleichungen. 

Hilbert, Grundziige einer allgemeinen Theorie der linearen Integral- 
gleichungen, Goéttinger Nachrichten, Math.-Phys. Klasse, 1904. 

Stekloff, V'héorie générale des fonctions fondamentales, Ann. de la Fac. 
des Sc. de Toulouse (2), T. 6, p. 351, 1904. 
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$2. Let (x, y,, %) be the coordinates of the point P at which 
1 
the Green’s Function is to be infinite as ra 
Tr 
Let («#, y, z) be the coordinates of any point Q in the region 


bounded by 8. 


Then the Green’s Function at Q will depend upon (a, y, 2) and 
(a, Yy %,). Following Kneser,* we shall denote it by K(0, 1), and 
refer to the points P and Q as (0) and (1) respectively. 


Thus we have, inside S, 


WFK(0, 1) =0, 
1 
and K(0, 1)=7—+M(0, 1), 


where M(0, 1) is a finite and continuous function of (0, 1) in the 
given region, its first and second differential coefficients with 
respect to x, y and being also finite and continuous there. 


Further, K(0, 1) =0, on the surface S. 

A simple application of Green’s Theorem shows that K(0, 1) is 
a symmetrical function of (a, y, z) and (a, ¥;, %). 

In other words, we have 


K(0, 1)=K(), 0). 


§ 3. Now let w be any solution of 
Vib-+Ap=0, 


_which vanishes on the surface 8, and with its first and second 
derivatives, is finite and continuous in the region bounded by S. 


Applying Green’s Theorem to the region between S and a small 
sphere 2, whose centre is at the point (1), we have 


| | Jevxe. 1) — K(0, 1)V2v}de 
; | | (YK Ll) “KO, 1) y}as=0, 


0 ; Aa 
where a denotes differentiation along the outward normal to 2, 
n 


and dv the element of volume at the point (0). 








* Cf. Kneser, Integralgleichungen, p. 127. 





) 
| 
. 
: 
| 
. 
: 
| 
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When the radius of >» tends to zero, we obtain the known 
result 


eC Li a} | [Ko Dud Oe eatin aes vanes (1) 
where (0) stands for ¥(a, y,z) and ¥(1) for ¥(ax,, y,, 2). 


Therefore the functions ¥ are characteristic functions (Higen- 
Junktionen), and the numbers A are characteristic numbers 
(Higenwerte) of a Homogeneous Integral Equation with K(0, 1) as 
its symmetrical kernel.* 


§4. These characteristic functions are supposed to be nor- 


malised, so that 
_[ffems 


the integration being taken through the interior of 8. 
If we assume that K(0, 1) can be expanded in an infinite series 
Ait + Acfet..., 


which can be integrated term by term, on multiplying by y,, and 
integrating, we find that 


A, || | aoe || Jx@ L)y,(O)de. 


Therefore with this hypothesis we would have 
A= |] [KO 1) W,,(0)dv, 


and K(0, po ee Pa AES EP (2) 


~ 


We are thus led to enquire whether the series in (2) really 
converges and represents the function K(Q, 1). 


§5. For the case of a finite and continuous symmetrical kernel, 
K(a, y), it was shown by Hilbert and Schmidt} that this equality 
(2) holds, provided the series is uniformly convergent with regard 
to both variables in the given interval. 


* Cf. Bécher, An Introduction to the Study of Integral Hquations (Camb, 
Tracts, No. 10), p. 57. 


+ Cf. Schmidt, Zur Theorie der linearen und nichtlinearen Integral- 
gleichungen, Math. Ann. Bd. 63, p. 449, 1907. 
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Kneser has extended* the theorem to kernels which become 
1 ' 
infinite as —, and proved that the Green’s Function, as defined 
r 


in $1, is given by the infinite series 


Vi(O)¥i(1) _ ¥2(0)¥e(1) 
ae te 2 (3) 


provided that the series converges uniformly within 8, both with 
respect to (x, y, x) and (2, y;, 2,), when the distance 7, between (0) 
and (1) remains greater than some fixed quantity. 

In some eases it is not difficult to prove the uniform con- 
vergence of the series, so that the Green’s Functions are definitely 
established by means of this theorem. Various examples of this 
are given in Kneser’s book. . 

In other cases, however, we have to be content with the 
position that the Integral Equation (1) suggests the expression 
for the Green’s Function, which has then to be verified inde- 
pendently. 

It should be noted that in these cases, repeated series, in which 
the summations are taken one after the other, are substituted for 
the original double, or triple, series. + 

In the following pages we shall show that the series (2) 
does give the Green’s Function in the Theory of Potential, when 
the region is bounded by concentric circular cylinders, planes 
perpendicular to the axis, and axial planes: and by concentric 
spheres, axial planes and cones. The Green’s Functions for these 
cases have been obtained by other methods by Dougall.t They 
can also be deduced from results given by me§ for Instantaneous 
Point Sources in the Conduction of Heat, by replacing the 
instantaneous source by a constant and continuous one. 








* Kneser, Die Theore der Integralgleichungen und die Darstellung 
willkiirlicher Funktionen in der mathematischen Physik, Math. Ann. Bd. 63, 
p. 486, 1907. Also Integralgleichungen, § 41. 

+ Cf. Kneser, Integralgleichungen und Darstellung willkiirlicher Funk- 
tionen von zwei Variabeln, Rend. Circ. Mat. di Palermo, T. XXVIL., p. 117, 
1909. 

t Dougall, The Determination of Green’s Functions by means of Cylindrical 
and Spherical Harmonics, Proc. Edin. Math. Soc., Vol. XVIII., p. 33, 1900. 

§ The Green’s Functions for a Wedge of any Angle and other Problems in 
the Conduction of Heat, Proc. Lond. Math. Soc. (2), Vol. VIII., p. 365, 1910. 
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$6. The following theorems dealing with Bessel’s Functions will 


be required later :— 





I. Let py, py ... be the positive roots of the equation 
J,,(pa) = 0. (n>0Q). 
Tr(px)In(p&) _ 1 =" <)- a4 . 
1 pa al -;-(= iG (= } ford<a<é 


P| ad (px) 
0 


ACE (E)-GQ)) tone 


II. Let p,, ps, ... be the positive roots of the equation 


J,(pa)K,(ipb) — J,,(pb)K,, (apa) = 0, O<a<b, + 
n>0, 
and let U,(px) stand for the expression 


J,(px)K.,,(ipb) — J,(pb)K.,,(ipz). 








Then 
< Un(px)Un(e8) male) - ) () "i ( : yy 
rifstionee —(EY-G§) 


for a<u<&<b, 





fora<§<a<ob. 


The second of these theorems can be proved by an argument 
similar to that by which Kneser establishes the first. The value 


* Cf. Kneser, Integralgleichungen, § 27. 





+ As usual K,(zx) stands for 2 toh x J (2) ~e""a(2)). 
2sinn7 -n n 
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of U,(x) for large values of x is needed, and the fact that, when p 
is large, the root p, of the equation 
Jn(pa)K,(ipb) — J,(pb) K,, (ipa) = 0 
sat 


b— 


Ais 





is approximately 


III. Jf p, p’ are two different positive roots of 
U,(pa) = J,(pa)K,(ipb) - 5,(pb)K,(ipa) = 0, n>0 


(1) | xU,,(px)U,(p'x)dx = 0 


HCO EEUs (een Uren 
and (ii) [2 n(px)dac = — 5 tk n(pa)7_U (pa) 
The proof of this theorem offers no difficulty.t 


CYLINDRICAL COORDINATES. 


$7. We proceed to examine the different series 
(O)~rC1)  ¥2(0)¥e(1) 
ra & Cy, he 
for the regions named in § 5. 
We begin with those in which cylindrical coordinates (r, 6, z) 
are used. With these coordinates the equation 











Vy+ay=0 

becomes 
ry Lop 1 oy oy 
ar? t r or rd a2 





Space bounded by the cylinder r=a, and the planes z=0, z=c. 


The finite and continuous solutions vanishing at the boundary 
are given by 


: COS . nT 
Yomn a~, A pms) m(pr) mo pater Bs, 
where m, ” are positive integers, including zero, p is a positive root 


nr 


of J,,(pa)=0, and A=p?+ 





* Cf. Gray and Mathews, Bessel Functions, p. 242. 
+ Cf. Carslaw, Fourter’s Series, p. 315. 
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To normalise these functions we choose A so that 


pmn 


9 be 21 A AD c 
Av nn [ rFi(pr)ar | COS mod i Sip ealle = l. 
Jo ae ait’ , c 


a 


Thus eee = — 
ze rJ:,, (pr) dr 


where a=1 and a,,=2, for m= 1. 
Therefore the series corresponding to 


+ ¥.(0) 1) 


——_—_—$——$—— 





r, 
is 
ee a, J J,,(pr’ . nH ate 
—222 EAE es en ~ 6’)sin— 2 sin —2'. 
TC pm : ka ig ba Cc Cc 
(e+ . ) rJ;,(pr ar 
C 0 
Now it is easy to show that 
T nT , 
sin —z sin—z se 
2 2 Q c 1 sinhp(c — z)sinhpz’ 
eee ne edie) Os" Ss": 
au (4). 





: gh Bros Sy ats re ty 
p sinhpe 

Therefore if we start with a repeated series, and sum first with 
regard to n, we have 

Jin(pr)d (pr) sinhp(c — z)sinhpz’ 
Digecosmip—O) 20 pa panies AlicMPw wee ait (9) 
m p np | rJ:,(pr)dr 
0 


for z>2', and when z<2’, we have to interchange z and 2’ in (5). 
But it is known* that 
¥ 9 a” , 9 
[ rdB(orydr = S19 nea} 
0 o~/ 
when p isa root of J,,(pa) =0. 
Therefore we can replace (5) by 
rs, . prone D -6)> J n(pr) Jn(er') Tala - 2)sinhpz’ 
Ta? D PLD m(pa) |? sinhpe 
This result agrees with Dougall, loc. cat. § 22 (2).+ 


forz >z’'. (6) 


* Cf. Fourier’s Series, p. 315. 
+ In comparing Dougall’s results with those given in this paper, it has to 


] 1 
be remembered that his Green’s Functions are infinite as > » hot as ree 
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Corollary. We can deduce from (6) the Green’s Functions for 
(1) The space bounded by a cylinder r=a: 
(ii) Zhe space between the planes z=0 and z=c. 
In (6) change the origin to the point on the axis half-way 
between the planes. 
Then we have 


1! 1) <9 m(P7) I m(P") 
a a 
KO, 1)= 2 Bac os Tl Gre "> al J’a(pa) 
sinhp( ~ int? + 2’) : 
Seas Te NIN WO ed El es pants 
gains OF ~ pt ee 


Put c=, and we obtain the Green’s Function “a the cylinder, 


Tm(pr)Im(pr') ,— Pz 2) 


K(O, Meta m Oa ple (pa) e for z>2’...(7) 








For the space between the two parallel planes, we put a= in 
(6). 
Using the eee value* of J,,(pa), namely, 


7 pa ’ 
See pa 


Jn(pa) = Vos F +7 -< pa). 


If p,p+dp are consecutive roots of 
J n( pa) mi 0, 


we have adp=7 


a "LF (pa Ne -=-=.. 


we have 


2 


Thus from (6) 
sinhp(e — #)sinhpe’ 





1 , “4 / 
K(0, 1) =5 Ya,,cosm(0 - 6 i lpr) In (pr') 
batik i sinhp(c — z)sinhpz’ 
0 


ities Jo(pRjdp, for 2>2'...anenee (8) 


oT 


* Cf. Macdonald, The Electrical Distribution on a Conductor bounded by 
Two Spherical Surfaces cutting at any Angle, Proc. Lond. Math. Soc., (1) Vol. 
XXVI., p. 159, 1895. 
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$8. Space bounded by a cylinder r=a; two planes z=0, z=c; 
and two axial planes 0=0, O=«. 
: sin-— Osin—z 
2 OL C 
Here we have aie Et ma(Pr) ra 
vanes J? P mx‘? rar} 


a 





wie 


the function having been normalised. 
In this expression, m and 7 are aos integers ; p 1S a positive 
nr 


root of Jina 7 (P%) =9; and A=p* vO ie 


a 
Therefore the series corresponding to 


5 PAO)Y AL) 


8 


is 
ea mr 
tiie bain ——_ 4'sin——zsin —z’. 
OL OL C 


J ian Prd m (Pr) 
cai nit nT , 


a 
C 





—35 2 ——_ 
OLC Mm 1% n°? 7" 4 2 
Ai (* Smee 5 [15 (pra 


a 
If we sum first with regard to 2, as in $7, we have 
Vn (P)9 mn (P™) 
a ane sinhp(¢ — #)sinhpz' 


mT sin 0 
S sin sin = [J a (P@) sinhpe 








ois aa 
a 
for g>2-5, (9) 
This agrees with Dougall, loc. cit. $25 (1). 
Corollary. We can deduce from (9) the Green’s Functions for 
(i) The space bounded by a cylinder and two axval planes 
(ii) The wedge of angle o: 
(iii) The wedge of angle « and two planes z=0, z=0 


For these we have, respectively, 


J ma (Pr) I ml) 
2 mr mr ae — p(z-2’) 
-. . MT p . MT : 
K(0, eae =sin . Osin 5 12 rar, [ne ae 
P 
0 a 


for z>2': (10) 
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1 $ sin Os; MT ay “y J  —p(z—2') 
K(0, Lane hie caer sin—— I. mr Pr") malPr) @ dp 
a a 


for 2>2 -las 


KOR) = Ysin— Osin 8 [ Sn J a PO) ona (P””) 


a a 


a bo 


sinhp(c — z)sinhpz’ 


——dp for z>2'. (12) 
sinhpe 


$9. Space bounded by two cylinders r=a, r=b: and two planes 
z=(0), =, 


Here the normalised function 


_ 20 
—U,,(pr)-o'mé sin —z 
Bn sin c 


Tea eee es 
ids | | rUs(er)ar | 


where m, n are positive integers, or zero : 
U,,(pr) =Im(pr)K,,(tpb) — I m(pb)Kn(tpr) : 
p is a positive root of U,,(pa) =0: 


pmn 


a= 1, 6,=2 for m= 1? 


nx 





and 


Thus the series corresponding to 





$0) #01) 
i, 
is 
] . ’ 
ae ae ee cosm(@ — 6')sin —2 sin.’ 
22 
tne (pe) | POM Se 


If we sum first with regard to n, we have 


U,,(pr)U,,(pr’) sinhp(c — z)sinhpe’ 
sinhpe 


” pf rU;,(pr)dr (13) 


: Sane ncosm(O — 6") = for z>2'. 
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Using the result of $6 (III.), we have 
__U,n(er)U,,(pr’) _ sinhp(¢ — z)sinhpe’ 


d d 
7 Um Pt) aU (pa) 


23a mcosm (6 - Bere raat 





sinhpe 


for z>2'. (14) 


Corollary. For the space bounded by two cylinders we find 
from (14) 


Only = 5 Zaqcosm (8 — hey fe oe ee! 
ipUal0a 7 mp) 
for z>2’. (15) 


$10. Space bounded by two cylinders r=a,r=b: two planes 
2=0, z=c: and two axial planes 0=0, O=c., 


Here the normalised function 


Nia _(pr)sin——6 sin— 2 
a 


‘ae ae Trt rU2, ne or 


where U,,,(pr)=J,,-(pr)K __(ipb) - Jn -(ph)K,_(ipr) : 


a a a a a 


’ 


¥, 


m,n are positive integers : 
p is a positive root of U,, me \P) = Cr 


a 








2-2 
and N=p? + a 2 
c 
Thus the series corresponding to 
YO) PL) 
MALS 
is 
Viglen) U, (pr’) 


4 ne Pi ni nir 


/ 





eas era sin——2 sin 
Cc c 





a's (ae 7. aT Cae 
ee 2,2 
Aes yf. U2, _(pr)dr 


a 
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If we sum first with regard to n, we have 


eter) Ue nore) 
= cat sinhp(c — z)sinhpe’ 
ae Ssin—-Osin —- 6 ee eee ~ sinhpe 
Ahk m Oo a Onell Vue (PO) 


a 


for z>2. (16) 
Dougall, oc. cat. § 26(2) obtains a different result. 


SPHERICAL COORDINATES. 


$11. Before dealing with the regions bounded by spheres, axial 
planes and cones, it will be necessary to state some theorems 
regarding the Spherical Harmonics we employ. 


Following Hobson* we define P;”() by the ae 


~ im 4) = Lo\s zs 
Pr'(H) = rent Ges as F(n+1, —n, 5 =" 
This solution of the equation 


+ (1-1) 5) +(min+ 1) => 5)P=0 


is finite at »=1(@=0), and is suitable for the potential problems to 
be discussed. 





I. When m is any positive number, and n, n' are roots of 





Pr"( Ho) =0, 
then (i) 
[Pam @Pam(n)dn =O 
Lo 
and oe 
(Pa 27 —py) a Po 


The proof of this theorem resembles that given in Macdonald’s 
Electric Waves, p. 89, for a special case. 


* Hobson, On a Type of Spherical Harmonics of Unrestricted Degree, 
Order, and Argument, Phil. Trans. (A), Vol. 187, p. 451, 1896. 
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II. Lf m 1s any positive number, and 7—60=€ where € is small, 
the positive roots of 


| P>"(u) =0 
are given by 
m=m+st oe ML aa 
II(m)II(m — 1)II(s) 2° 


where s has all positive integral values, including zero. 
In the limit when e->0, n=m-+s. 
This theorem is due to Macdonald.* 


III. [fn ts any positive root of P7"(n) = =0 and m is any positive 
number, 
d 2 II(n —m) 
1 — p?) —P7"(h) = ——_—_ 
BeBe) ah tS Pm a) EG bah) 
This theorem is proved in Dougall’s paper, §11, but his proof 
needs modification for the case of m zero or a positive integer. 


——_—_—_sin(n — m)7. 


IV. If n ws any positive root of P7"(w)=0 and m is any 
positive number, or zero, 


i ny —n(4) | = IT(m — m) 
ee ae (P,, We Ps i») |= alien 


Starting from the equation 
rw sinn7 Ss (nm —m) sin(n — m)r 
Ps"(x) = manne 








sinmr ” Re ea sinmr Pre) 

where w= —p’,[cf. Macdonald, Proc. Lond. Math. Soc., (1) Vol. 
XXXI., p. 273] this theorem follows from an argument similar to 
that used by Macdonald, [cf. Electric Waves, §63]. The result in 
(III.) is required in this proof. 


V. If n, n' are any two positive roots of the equation 
mn (py) Pn'(Ho) — Prt(ia)Pa(Mo) = 0, m > 0 
and 2 (H) = Pr w)Pr'(Mo) — Pr(w)Pi'(Ho)» 


then Si(H)Sz (p)dp=0 
and @n+1){" [S"(u) Pd = |(~p py Se) Sm Ok 


* Macdonald, Zeroes of the Spherical Harmonic P™(u) considered as 
a function of n, Proc. Lond. Math. Soc. (1), Vol. XXXI., p. 273, 1899. 
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$12. Space bounded by the sphere r=a. 
In Spherical Coordinates (r, 0, ¢), the equation 
Vy +rAp=0 


becomes 


n'a oy =e(a- ene oy 











or or a 17 3 Op. Op)" 9 ad? 
Thus we have 
Jn+h (pr) m 
te pmn Bahar Po (Hsin 


when m is any positive integer, or zero: 
m is any positive integer : 
p is any positive root of Jn+44(pa) =0: 
and A= p%, 
The function having been normalised, we find that the series 
corresponding to 


Ya(O)Ya(L)  YoCO)Pa(2) 





a x 
is 
boyy (7) Em +3) Ins (pr) Insy (p7') Pa(cosy) i 
a2 5 Se a) ea ) 


p*| Diya (on) dr 
0 


Kneser* examines this case in detail, and verifies that the 
repeated series 


T= (n+4)P, (cosy) teen) Ins (Or') 
2a Nr! n ; p*| Ji 44(pr)dr 
0 


is equal to the known Green’s Function. 








$13. Space bounded by the sphere r=a and the cone 6 = 4). 


Here the normalised function 


Jn+4 (pr) Pop). md 
le 
mu Nar | | eatealenar | (Psd | 
0 Mo 


cos 
sin 





2 


* Kneser, Jntegralgleichungen, § 38. 
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m being any positive integer, or zero: 
m any positive root of P7”(~)=0: 

p any positive root of Jni3(pa)=0: 
Pepwand ¢— 1, 4,,—2 for m= 1. 


Thus the series corresponding to 
YO) WC) , HOV) 
2 





dy, 
is 
>>> ae Tnegler) Int yer) Pvt) Pa") cosm(¢ — ¢’). 
n9 i ee 9 —m 2 
pena Nir’ pel rT alordr | | (Pam) dy 
: | 


If we sum first with regard to p, and use the results of § 6 (I) 


and $11 (I), we obtain 
a \n+3 y’ \n+3 
fuses cM) 


ui Y n 3 
SE ancora (b - £)E(~) nee ae ena 
Qa Jerr’ (1 = Po) m os Se a —m —m 

ant (Ho) aes (Ho) 





forage pa (1S: 


Collorary. Put a= in (18) and we find that in the cone 6= 6, 
pee) 2.78) ae 
ad SON pe d —™ 

are (Ho) (Ho) 





1 x 
10, 1) = ———_————_ 5.4, cosm(9 - q’ = (=) 
ese (b-$)B(- 
(19) 
This agrees with Dougall, loc. cit. § 29 (2). 
$14. Space bounded by the sphere r=a, the cone 0=0,, and the 
planes p=0, =a. 





mr 
Lael OT) veil . mr 
Here Be anit nee (1) sin——¢, 


where m is any positive integer : 
MT 


m is any positive root of P, * (u)=0: 
pis any positive root of Jn+3(pa) =0: 
and A=p" 
* Cf. Macdonald, Demonstration of Green’s Formula for Electric Density 


near the Vertex of a Right Cone, Trans. Camb. Phil. Soc., Vol. X VIII., p. 293, 
1900. The Green’s Function for 6’=0 is found in that paper. 


86 


We are thus led to the series 


mr leet 


2 5 SN 1 1 : . 


a Jlrp’ pmn , mmr 
F 7 d ee 2 
i [rs ore (pr)dr To @ (u)Pdp 


If we sum first with regard to p, using §6 (I.) and $11 (1.) 
we have 


im aye as) = > sin $sin~—-4' (= (2) s (y"] 


Pom (p) Pah) 
d ad 
—m p= 
Tat (Ho) d pty n (Ho) 


for O0<r<r'<a. (20) 


Corollary (i.) Put a=o in .(20) and we find for the space 
bounded by the cone 6= 90, and the two planes 6=0 and p=a, 


mr mr 


nth 7 ay Tae 
K(0, 1) = — > sin—~$sin——4! (4 ~) ie: (w)P,, (pH) 





mmr nvr 


RTE eles: d.-— | 
ane x (Hote * (Proj 
for <1) ie 
There is an obvious error in Dougall’s result, loc. cit. § 33 (2), 
S7(8) being omitted. 


Corollary (ii.) Let 0,->7 and we find from (21), with the aid 
of § 11 (II.), (IV.) for the space bounded by the planes $=0, $=, 











Il ELS _ mT _ mT 
| 1 S8+4 i eee ee = . 
(0,1) == sin" gsin™ g’ > Ns)" P "(Pp * @@ 
ie o TOT 9 nn 


a : 
forr<r, @ 
s being any positive integer, including zero. 
This agrees with Dougall, loc. cit. § 30 (3). 


§ 14. Space bounded by two spheres r=a, r=b. 


pap men PE) ea eae) — Jn+3(pb) Kn+44(%pr) P™ (1) eee 
= n\F7 sin 
r 


Here y 


pmn 


EE ——— 
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where m is any positive integer, including zero : 
m is any positive integer : 
p is any positive root of Jn+3(pa)Kn+1(ipd) 


—In+3(pb)Kn+x(tpa) = 0: 
and A=)". 
We are thus led to the series 


LS > Un+3(07)Un+3(pr") 
Ch To BL (riper 
P| TUR is (pr)adr 
0 
writing, as in $6, U,(px) for J,(pa)K,,(7pb) — J,,(pb) K,,(ipz). 
If we sum first with regard to p, using §6 (II.) and put 


(2n + 1)P,,(cosy), 


/ 


r= ae’, r’ =ae" , and b=ae’, we obtain 
i : sinh(n + 4)(¢ — 77’) 
p> St) sy decal SRST LA et 
On lpr! x ea)? sinh(n + 3)c 
This agrees with Dougall, loc. cié. § 28(1). 





P,(cosy) for 7<7’. (23) 


$15. Space bounded by two spheres r=a,r=b, and the cone 
C=". 
mr 


Unsi(pr) , 4% | cos 
pmn Amn eae P, ( pea mo, 


Here 


where m is any positive integer, including zero: 
mr 


m is any positive root of P, * (Po) = 9: 


p is any positive root of U,4+:(pa) =0: 
and Se 
On normalising the function, and proceeding as in §14, we 
obtain 
sinh(n + 4)nsinh(n + 4) (¢ — 7’) 


1 
1 i yy Sh 
=i mee sinh(n + 4)e 


_mr om 
P, 7 ()P, * (#?) 
2 I ey 
d--— d.-— 
wat SN Fee a were a 
(1 Po oP, (Ho) dl fry te (Ho) 


where a,=1, a,,=2 for m= 1 and n<7’. 
This is equivalent to Dougall’s result, Joc. cit. $31 (2). 
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$16. Space bounded by two spheres, r=a,r=b; two axial planes j 
p=0, p=«a ; and the cone 0 = 4). , 


Here we are led to the series 


ak eaabd 
sy Uniner)Untter) By TO (oa Oe) 
nN 2 b ° 1 _ mr OL a : 
A] rbalorte FT eS at | 


2 


a rr’ 





au ss. 
hath 
p m 


Where m is any positive integer ; 
mr 


m is any positive root of P,, @ (119) eel: 
p is any positive root of Un+3(pa) =0: 
and Vp 
Proceeding as in §15 we obtain, for »<7/’, 
sinh(n + 4)nsinh(n + 3)(¢ — 77’) 
sinh(n + $)c 








_mr. . mtr 
— > sin——d¢dsin——¢' 2 
AE Sh oe ae 

vhka Mabe 
mig a S14} Oe Hk (25). 
mr mr ; 


£8 BW Alek 
(1 — Ho) PB x4 Connie a (fo) 


Corollary. Let @-—>z, and from §11 (II.) and (IV.) we obtain 
for the space between two spheres and two axial planes 


M7 


sinh(™— +s + } sinh ("= +s+ )(e —7') 
t Pa O O 
OL 8 : mir 
sinh (= +s+ 4)e 
OL 


2 ; 
K(0,1) = ——— = sin—¢sin 
Ver’ m Oo 


n(2™= +s) Aad! tw 
OL a a : 9 
II(s) mr OE ae a ), (26 


s being any positive integer, including zero, and <7’. 


$17. Space bounded by two spheres r=a,r=b: two cones 
0=0,, 0=6,: and two planes $=0, P=4, 
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Here we are led to the series 








db ag 
2 SES _Unsaler) Unsaler) Seno Sat (#) oe 
arlrri pm n | rUs (er) \dr i" [seu 7 ou ou 
where 
m is any positive integer : 
dled Lida _ mr mr 


nm is any positive root of Pp * (Hy)Pn* (fo) — P, * (u)P,, # (py) = 9; 
pisany positive root of Un+;(pa)=0: 


m1 mr mr mir 


S7(u) denotes P_ * (n)P, * (io)— Py * (u)P, © (1m): 
a Ree e oa 

Using §6 (II.) and $11 (V.), and summing first with regard 
to p, we obtain 





het mle sin sin o> sinh(n + 4)nsinh(n + $)(¢ — 7’) 
(1 = Ho) Ja alee’ m n sinh(n + 4)e 
mir mar 
Sa (pe )s,, a (p’) 


Co a Lope eeyyee (20) 
m 
Laide = gg Se « (o) |” 


Dougall, loc. crt. § 35 (2) gives a Nae result. 
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A system of nonagons nonuply in perspective. 


By Dr Wiutiam P. MILNE. 
(Received 15th January 1913. Read 9th May 1913). 


In investigating the properties of the cubic curve C, we are led 
to consider its Hessian C’, its Cayleyan I’ and the Hessian of its 
Cayleyan I’. In the present paper we propose to deal with the 
intersections of the systems C+ AC’ and ['+ pl". 

We note that all the members of the system C+AC’ have the 
same set of points and lines as flexes and harmonic lines respectively, 
Similarly the system I+ pI” has the same set of points and lines 
as harmonic points and cuspidal tangents respectively. 

If we project any one of the flexes to infinity and take its 
harmonic line as the axis of x, every member of C+AC’ has the 
form 

uy? +v=0 
where w and v are polynomials in # of degrees 1 and 3 respectively. 
Furthermore, referred to the same axes I'+ I” has the tangential 
form 

pm +q=0 
where p and g are polynomials in / of degrees 1 and 3 respectively. 
Hence C+AC’ and I'+ yl” are each symmetrical about the axis of 
x But +ypI” is of degree 6; therefore,C +AC’ intersects [+ pI” 
in 18 points, which divide themselves into two sets of 9, the images 
of one another in the axis of a We thus obtain two nonagons in 
perspective, the flex at infinity on the axis of y being the centre 
of perspective. Dealing thus in succession with each flex and 
harmonic line, we see that C + AC’ intersects I'+ pI” in two nonagons 
nonuply in perspective, the centres of perspective being the nine flexes. 

If we take 27,, 27,, 27, to be the periods of the Weierstrassian 
Elliptic Functions, the parameters of the flexes of the cubic 
x= (wu), y= (wu) are as usual : 

















27, 47, 
: tepesa 3 
21,  O,.. al, MATieo oe 
io acd. 18 een 
4m, 20, 407, 47, 4, 
3 g8) Be eae (1) 


ey 



























































































































































a dar 2 Nie 2 do, 2 4 Ir, An do, Aq | 
U Tite mee 1 aT 9 aT | 4% ieee 7 er ue F FLEXES 
U+ U + 3 tte ae) wt(3 =| a Meer: ui 3 (3+ 
2a7r Ao Dar 9 9 4 9 4 2 Acar Aq, 47 
ar eh gk 1 — oe 1 AT, eee, ree eae Shae ee 0 (4%, FT 7 ( tT} =) O 
3 3 eee a ( ui ; ( cae ) ee ( 3° 3 3° 3 
2r, Arr, Vr, 4 9 9 9 4 4 4 Aa Qa 
2S See ae as pula: ;) Rene t es AT» _ Ame i 17} ET 9 ae ae =, any he 2 1 
3 3 ‘ ( Spes ss ( Bee ee eae Shes 3° 3 ee : 
aye Ary =e eyes am, pee (= 27r5\ ae Qi, E 20, arr, 2 4m, dir, ide Arr, Re 27, =) At, 
3 3 ey, 3 er Siaaes 3 Shes 3 
@ 
=o 2 = (= 2) hap (= =) =e 47r, ae (= =) (= 7) a oie 27, im Aq, 27, 
3 3 3 3 3 3 3 z 3 5) 3 
a7, =) (= =) 27» 2a, 4a 4a, 47 4 2 4 9) | 
eee U ssp —Uu— —-({ —+ =) -. & al Sw eae earn! p= 2m sae. | 
( aS Bae 4g 3 ( Bees als seca err, aeeaes eer - 3 3 
ee eee ey | 
Ar, =) 275 (- yo ‘) 47, 4, Aor Je hi Ae 9 
af i = ae == AL iS -u— (4 a) ree Tp 2 anal :) = 1 ay; rae sa7y Aq, 27, 
( aes 3 woos “5 3 3 pee 3 3 
9 
3 3 3 3 3 3 3 
Ua SAT Avr, Am, Ar, 27, Ag 9 9 
find (i —+ — —-uU— U— Vea & iy al oe dr, | Qt, 27» 2ar 4iar 
3 a (3 ) 3 3 at a! ( =) S(t U— eae 2 
3 3 3 3 3 3 3 3 
Amr, =) Air, ( 2m, 4m, 4, Qa Ag 2 , 
-u-(F — U — et! ioe Hl cee —- UU — —— —U Dal ke >) ps | ae : any a 21, Air Ar 
3 3 Bee ) 3 ( + ) u— =e & z) 1 2 
3 3 3 3 5) 3 3 3 5) 
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Now if we take wu as the parameter of any point on C+AC’ and 
join w to each of the flexes in turn, we get as one nonagon of the 
system the third points of intersection of these chords respectively 


27, Ar, 27, (= 25 
—_—_— —e 4 —_— ————_ —_ _— — 
eh 3 a) ¥e 








—uU, —U- 


Sit ENG 


“4 2) Ar, 27, +=) Ar nee 
so Ge 3 ea oe 3 ales = 


The other nonagon with which the above is nonuply in per- 

















spective may easily be found by joining the above points to any one 
flex (say 0) and taking the points in which these chords cut the 
cubic again. | 

















We obtain : 
27, Ar, ee 27, 27, 47, 27, 
mE wt wt SH UH (S ee ae 3 ) 
Ar, BT eA Ts Avr, An, 
we wt (Sh ur 3) 


We may represent the collineations diagrammatically as follows: 


where a point in the upper line joined to a point in the same column 
Arr, 
passes through the flex in the same horizontal row. Thus w+ = 


27, 27, 


gen ra 








from the upper line joined to -u-( ) from the same 


27, 





ve , 
+— in the same horizontal 


column passes through the flex 3 3 


1 27, a Dis 
MGS — i 3 


The way in which the points of the above scheme replace one 
another may be more easily seen if we use the points themselves 
instead of their parameters. Thus let the flexes be 





). (See subjoined diagram (2) ). 


FF, F, 
G, G, G; 
H, lat: Hy, (3) . 


instead of (1), where three flexes are collinear if the letters are the 
same (e.g. G,G,G,), or if the suffixes are the same (e.g. F',G,H,), or if 
the letters and suffixes are al] different (e.g. F,G,H,). The scheme 
(2) then becomes 
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betes lemme ited Q, Q. Q; R, R, R; Flexes 
pe. Cred. 6 yO Acne MN ere WA s. F, 
Ay hake nee Lic a as eG Lig iia. en Ee 
Rai hee XG hy, hg) pce F; 
Wars etek Li Lids Ne ee G, 
SRN a oN 5 Diy Lis hae De. © tae. G, 
Ye ale Lae Lite DOE. ,% Ge 
Pr Lig Lig wt thy ng: ee H, 
VIN pe Lee Ah Dei (ag ky) gc eee H, 
Vem A te oe Xe) ky sha Je Ae ie 





(4) 

If two points of the above system coincide, it is plain that all 
the others will coincide in pairs. For let the coincident pair not 
lie on the axis of a Then it is plain that their images with 
respect to Ox will also coincide. If we use the property of 
symmetry with respect to all the harmonic lines as explained in 
the beginning of the paper, we see that we obtain nine pairs of 
coincident points. With respect to the particular harmonic line Oz, 
four of these coincident pairs must lie above Ox and four must be 
their images below. The ninth point must lie on Oz, and the 
tangent thereat to the cubic curve must be parallel to Oy, that is, 
must pass through the flex corresponding to that particular harmonic 
line. Thus, when the eighteen points coincide in pairs, the tangent 
at each of the resulting nine points passes through one or other of the 
flexes. IPf the tangent at one of these points pass through the flex F, 
the other eight points lie two by two on four chords passing through 
F. 

We shall show that the cross-ratio of the above four chords 
passing through F is equi-anharmonic. 

Let the point of contact of the tangent through F be T. 
Let p be a chord drawn from F, and let the two points in which p 
cuts the cubic be joined to T and cut the curve again. It can 
easily be shown that *the chord p’ joining these latter two points 
passes through F. Hence a one-to-one algebraic correspondence 
exists between p and p’, and hence the cross-ratio of any four 
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positions of p is equal to that of the corresponding four positions 
of p’. Take the four positions of p on which le the flexes other 
than F. We thus get a pencil of four lines whose cross-ratio is 
known to be equi-anharmonic. (5) 
Let the flex F have 0 as its parameter. 
Let T have as its parameter 7. 


Then if », cut the cubic in the flexes 





27, : 
and 2 ag plainly 


277, 


3 





2 
p; cuts the cubic in the points —7,- and —7,+ ae and so 


on. 

If we examine the scheme (2) and substitute throughout 7, 
instead of uw, we see that »,', p., p; p, cut the cubic in the four 
pairs of coincident points required. 

Hence [ Pi’, Pe's Ps) Psi] = [Pri PrPs Pa] 

= equi-anharmonic ratio (by (5) ). 

Examples of cases of two coincident nonagons are :— 

“The Hessian touches the Cayleyan at the points where the 
inflexional tangents meet their respective harmonic lines.” 

If we isolate any one of the points in which the inflexronal 
tangents meet their respective harmonic lines, the other eight lie two 
by two on four lines passing through that isolated flex, and the 
cross-ratio of this pencil is equi-anharmonice. 

‘“‘The cusps of a class-cubic lie on a cubic curve having the 
same system of flexes and harmonic lines.” 

If we isolate any one of the cusps of a class-cubic, the other erght 
cusps lie two by two on four lines passing through the harmonic 
point of that rsolated cuspidal tangent, and the cross-ratio of this 
pencil rs equi-anharmonic. 

If C be a nodal cubic, OC’ is also a nodal cubic having the same 
nodal tangents and flexes. Again [I and I” may be considered as 
a system of conics touching the nodal tangents at the points H 
and K, in which they meet the common line of flexes. Project 
H and K into the Circular Points at Infinity. We thus see that 
I'+ pl” is a system of concentric circles, having the node as their 
common centre, cutting C+AC’ in sets of six points forming the 
vertices of a hexagon consisting of two equilateral triangles. The 
Hessian touches the Cayleyan at three points forming the vertices 
of an equilateral triangle. 
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A Problem of Robert Simson’s. 
By Dr G. PHILIP. 


(Read 14th February 1918. Received 20th May 1913.) 


The following problem appears in Robert Simson’s ‘ Opera 
Quaedam Reliqua,” pp. 472-504 : 


“Si a duobus punctis datis A, B ad circulum positione datum 
CDE inflectantur utcumque duae rectae AC, BC circumferentiae 
rursus in D, E occurrentes; juncta DE vel continebit datum 
angulum cum recta ad datum punctum vergente; vel parallela erit 
rectae positionae datae; vel verget ad datum punctum:” i.e. if 
from two given points A and B any two straight lines AC, BC 
are drawn to a circle CDE given in position, and they meet the 
circumference again in D and E, then the straight line DE (1.) will 
make a constant angle with a straight line passing through a fixed 
point, or (II.) will be parallel to a straight line given in position, or 
(IIT.) will pass through a given point. This final form of the result 
was only arrived at by Simson after he obtained the aid of Matthew 
Stewart. 

As indicated, the discussion of the problem by Simson occupies 
over thirty pages quarto, but the proof may be given as follows: 


Case I.(a). When AB does not pass through the centre of the given 
circle. This is the most general case. Find K (Fig. 1) on AB, 
such that AB. AK = AC. AD, then K is a definite point. Join §, 
the centre of the circle, to K, and find F the harmonic conjugate 
of K with respect to the circle; then SF.SK=ST’. Let AF meet 
the circle in L and M, then KL and KM cut off equal ares MP 
and QL. 

If BL be joined and cut the circle again in N, NP will be 
parallel to AB. (For AK.AB=AM. AL, and therefore LMKB 
is a cyclic quadrilateral. Hence 2 AKM = 2 MLB = 2 MPN). 
Similarly if CB cuts the circle in E, EH is parallel to AB. 
Hence PN||HE, and therefore are PH = arc EN. Again, if 
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DF meet the circle in G, KG and KD cut off equal arcs, 2.e. arc 
HD = arc GR. 





igs 


Now KP = KL (Pappus’ Lemma), and therefore 2 PSK = 2 LSK, 
spdmarce bbe arce iil. Similarly, sincey arc, HD) =sare GR, 
KH=KG and arc TH = arc TG. Hence are GL = arc PH = are 
EN, and arc GE = arc NL. Thus 

L EDF or 2 EDG= 2. NML=constant. 

Case I.(b). When AB passes through the centre. Find K (Fig. 2) 
in AB such that AB. BK =CB.BE. Thensince 2 ABC= z KBE, 
and the triangles ABC, KBE are thus similar, 2 ACH= ~ BKE. 
Then find F in AB such that SF.SK=ST*. Let ES cut the circle 
inG, thenSF.SK =SG*=SG.SE and ~«GSF=2KSE. Therefore 
the triangles GSF, KSE are similar, and 2 FGS= -SKE= z ACE. 
If FG cuts the circle in D’and AC in D, we have 2 D’GE= z DCE, 
wherefore arc ED’ = arc ED and D and D’ coincide. Hence 
FDG are collinear, and -FDE is a right angle, and therefore 
constant. 
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Case IT. When A and B are inverse points with respect to the . 
circle. Let AB cut the circle in Y. Then z DCY = z YCE, and 
therefore Y is the middle point of the arc DE, and AB is 
perpendicular to DE. Thus DE is parallel to a fixed line. 





Fig. 2. 


Case III]. When A and B are diagonal points of any cyclic 
quadrilateral DCUE. Then DE passes through F the pole of AB 
with respect to the given circle, 2.e. through a fixed point. 


By reciprocation of Simson’s result with respect to a circle 
whose centre is F, we obtain the following proposition: Let S be 
a conic with focus F, and a, 6 be two straight lines in the plane of 
the conic. If any tangent meet these lines in U and V, and if 
from these points tangents d, e be drawn to the conic and intersect 
at a point x, then the angle that Fx makes with either tangent 
d or e is constant. 
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A Geometrical Construction for the Rainbow Formula. 


By Dr Davin Rosertson. 
(Read 7th March 1913.) 


Internal Reflections in a Sphere. <A ray of light PQ (Fig. 1) 
incident at any point Q on the surface of a transparent sphere is 
partly reflected and partly refracted along QR,. At R, it is partly 
reflected along R,R,, and partly emerges along R,S8,. The same 
thing occurs at R., R,, etc., on which the successive reflected 





Pig. 1. Internal Reflections in a Sphere. 


portions fall. AB is the diameter parallel to the incident light, 
and OQ the radius to the point of incidence. Let mp denote the 
index of refraction of the material of the sphere relative to the 
surrounding medium. Divide OA in C so that OC:OA=1: yp. 
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Draw CD || OQ and meeting the circle in D. Draw CF and 
DG 1 OQ. 


Then, sinDOQ= ee = ae = es sinCOF = ~ sint = sinr. 
J. pe 


£4 DOQ=r= z OQR. 
DO is parallel to the ray refracted at Q. 


The deviation of the ray is (1-1) at incidence, and also at 
emergence; it is (7—2r) at each reflection, and so the total 
deviation with 7 reflections is :— 


6 = 2(4-7)+n(z — 2r) 
=nr —2{(n+1)r—7d}. 


Minimum Deviation. Let Q move to an adjacent point Q’ 
further from A; then 


6-8 = —2{(n4+1)(r—-7') -(a-v)} 
— 2{(n + 1)(QOQ’ — DOD’) - Q0Q} 
— 2{nQO0Q’ —- (n+ 1)DOD'} 
~ 2{nDCD’ -(n+1)DOD"} 


I 


I 


DOD’ 
- - 2Q0Q'{n - (n+l) Dep 
CD 
= — 2Q0Q’ {n- (eH Lee ODcosr Oba} 
OD; a 


Fete 
meehyeee: ie Ss DOA chee 


If Q be very close to A, this becomes 
‘ 2Q00'[n (n+ ort 
9 
= — = 200'{ (n +1)- r}. 


Since p is less than 2, this last expression is always negative, 
which shows that the deviation at first diminishes as Q moves 
away from A, provided there be one or more internal reflections. 
It will continue to diminish with a further displacement of Q from 





99 


A until (6-0’) changes sign by passing through zero, after which 
it will increase. Hence, for minimum deviation 








6-6 =0 
or CD = —“—OAcosr. 
n+l 
ye sin(t — 7) 
nm+1  ODcosr sini. cosr 
sin2 . cosr — cosz. sinr 1 cosa 
e sin? . cosr ww cosr’ 
ph cost 





n+l cosr’ 


(n + 1)°cos*t = p?cos’r = p? — p?sin’r = p? — sin*s 


=p? — 1+ cos. 


2] 
cost = Aes ' 
n(n + 2) 





Fig. 2. Minimum Deviation in a Sphere after two Reflections. 


Construction for Ray of Least Deviation. The large circle in 
Fig. 2 represents the sphere, and AB is the diameter parallel to 
the incident light. 


Divide OA in C so that OC:OA=1: pn. 
- OA in L % OL: LA=1:n. 
$ OC in K ee OK KC= bine OL UA, 
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Draw a circle on CK as diameter. Draw the arc LM with 
centre at O, and cutting the last circle at M. KM is parallel to 
the radius to the point of incidence, and OM is parallel to the 
direction after refraction of the ray which is at least deviated by 
the sphere after » internal reflections. 


Proof. Continue OM to meet the outer circle at D, and join 
CD, CM, KM. Draw OQ||CD. We have already proved that if 
OQ be parallel to CD, DO is the direction of the ray refracted at 
Q. 

Then OM:MD=OL: LA=OK: KC, 


KM CD OQ; “and: “=. 3CDusGat 
Hence CD = DMcosC DM = LAcos: 
= _" _AOcosr, 
n+1 


which is the condition for minimum deviation. 
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Geometrical Constructions for Refraction and Reflection 
in a Prism. 


By Dr Davip Rosertson. 


(Read 7th March 1913). 


General Construction for Refracted Ray. The two-circle method 
of finding the direction of a ray refracted at a plane surface is very 
old, but seems to be now almost forgotten. It is particularly con- 
venient when the refraction of several rays is to be determined, 
and its application to the case of a prism is especially elegant and 
leads to a simple self-contained proof of the condition for minimum 
deviation. 





Fig, 1. General Construction for Refracted Ray. 


In Fig. 1 let JKL be the prism, and P any point on its first 
surface. Draw two concentric circles whose radii represent to any 
convenient scale the indices of refraction of the material of the 
prism and of the surrounding medium, pm, and p, respectively. The 
centre of these circles may with advantage be taken at P. The 
radius CP parallel to the incident ray cuts the circle for the first 
medium at C. If CD is drawn normal to the first surface, and cuts 
the circle for the second medium (prism) at D, then DP is the 
direction of the internal ray. If DC’ is drawn normal to the 
second surface, and cuts the circle for the outside medium at C’, 
then C’P is the direction of the emergent ray. 
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Proof. Draw PM 1 DC. 
Then PD.sinPDM=PC.sinPCM. 


BOF sinPDM = ae sinPCM. 


See BINT 


4 PDM =”, the angle of refraction. 
Ge DP is the direction of refraction. 

A similar proof holds for the second refraction. 

Deviation. CPC’ is the angle between the incident and 
emergent rays; that is, it is the deviation 6. CDC’ is the refracting 
angle of the prism @, since CD and CD’ are perpendicular to the 
two faces. 

But, @=CDC'=CDP + O'DP=r +r’. 

And 6=CPC’=CPD+C'PD 
=(t-r)+(v' -7') 
=(1+0') -—(rt+7’) 
=(1+0')- 6. 

The angles 7 and 7, or 7’ and r’ are negative when the ray is 
deviated towards the thin end of the prism. 
If «=, then r=’, and 

§6= 21-0 
1=4(6+0) 
Pf. sind _ sin$(d+ @) 


and Th rare ho 
fj, sinr sin}6 





Fig. 2. Deviation by a Prism. 
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Minimum Deviation. Draw the circle through CDC’ (Fig. 2). 
Draw PE through the centre of this circle to cut it in E and the 
D-circle in F. Join EC, EC’. Draw FG|| EC and FGQ@’|| EC, 
cutting the C-circle in G and G’.. Then 

GFG’ = CEC’ = CDC’ = @ = constant. 

.. arc GG’ and angle GPG’ are constant, since PF is a fixed 
length. : 

If D, HE, and F all coincide the incidence and emergence are 
symmetrical, and the deviation is GPG’. With any other con- 
dition, E must lie outside the D-circle, and so C and C’ must lie 
outside GG’, and the deviation CPC’ must exceed GPG’. Con- 
sequently the deviation is least when the incidence and emergence 
are symmetrical; that is, when the internal ray is perpendicular 
to the bisector of the refracting angle. 





Fig. 3. Hmergent Rays with Fixed Prism. 


Limiting Rays. The ray numbered 1 in Fig. 3 enters the prism 
at grazing incidence, while 3 leaves it at grazing emergence. The 
latter is obtained by drawing PC,’ parallel to the second surface, 
and working the construction backwards from C,’. It is obvious 
from the geometry of the diagram that the figures AD,C,’P and 
C,'D;C;P could be made to coincide by suitably folding the diagram 
over, and that consequently the two limiting deviations are alike. 
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Rays beyond No. 3 do not emerge, but are totally reflected at the 
second surface. 

Fig. 3 shows the emergent rays for a number of rays incident 
at the same point on a fixed prism. 


Experimental Application. The following simple method of 
determining the index of refraction of a prism (due to Professor 
Poynting ?*) gives good results, and is not generally known. Draw 
a straight line on-paper, and place the prism over it in such a way 





Fig. 4. Haperimental Determination of p. 


it can be seen through the prism. Draw JKL (Fig. 4) the trace 
of the prism, and QR coinciding with the apparent direction of the 
line as seen through the prism. Remove the prism and produce 
RQ beyond P where it cuts the original line. With P as centre 
and any radius (conveniently a simple number of mms. or inches) 
draw an arc to cut the original line in OC, and second line, produced 
backwards, in O’. Draw CD perpendicular to the surface of 
incidence JK. Draw C’D perpendicular to the surface of emergence 
KL, and intersecting CD.in Db. Then p= DP+CP. 

If a second circle, concentric with the first, be drawn through 
D, it will at once be recognised that the diagram is part of the two- 
circle construction already considered, and that it consequently 
gives the desired result. The only difference is that the centre 
of the circles has been moved to the point of intersection of the 
incident and emergent rays. 





* The author is indebted to Dr R. A. Houstoun for drawing his attention 
to this method, 
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A Simple Linkage for Describing Equal Areas. 


By E. M. Horssureu. 
(Read 13th June 1913. Received 22nd June 1913). 


If H (Fig. 1) be the middle point of a straight bar QP and if 
a straight bar OH of length one-half of QP be pin-jointed to QP 
at H, a simple linkage is formed, which may be called a T -linkage. 


a: 





Migs 1: 


This, with an additional fixed bar guiding P or Q in a straight 
line through O, forms a well-known ellipsograph, or an equally 
well-known parallel motion. Let the T-linkage be placed in the 
plane of the paper and let O be taken as pole, so that the linkage 
is free to turn about O in the plane of the paper. Then if P 
describe any closed curve not enclosing O, Q will describe a 
corresponding curve of equal area. For if the coordinates of 
P and Q be (7, 9) and (p, «) respectively, and if a be the length of 
OH, the equations of the transformation are 


(i) P+ pr=4e?, (ii) o=— +8. 
Accordingly if P describe the curve f(r, @)=0, Q will describe 
the curve f( wan py o— =) =0. Multiplying (i) by $dé@ and in- 


tegrating on the supposition that P describes a closed curve such 
that PQ returns to its original position without making a circuit 


about O, then 4 | db +4 i p’oan=0 taken round the curve, so that 
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if A, and A, be the areas described by P and Q respectively, 
A,= — A, 

The equations of the transformed curves are most frequently 
complicated, but sometimes simple degenerate cases occur. Thus 
the family of straight lines @=c transforms into the family of 


straight lines a= +6, and the family of concentric circles 


r=k into the family of concentric circles p= /4a? —k?, and thus 
the orthogonal network composed of the lines 6=c and the circles 
yr =k transforms into an equal area orthogonal network. (Figs. 2 


and 3). 





This suggested an application to some of the equal-area world- 
maps since the linkage deduces from any figure an infinite number 
of others all of equal area. Figs. 4, 5, 6, are representations 
of well-known equal-area world-maps, the first two by Lambert, 
the last by Collignon. Figs. 7, 8, 9, show equal-area maps deduced 
by the linkage and corrected with regard to the reversed 
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orientation which arises from the fact that P and Q describe 
figures in opposite senses. 





Fig. 3. 
If the points P and Q describe arcs of curves instead of closed 
contours, then 


0 A 
0; ay 


where 6,, «, correspond to the initial, and @, «, to the final 
positions of the tracing points. Thus the sum of the areas of the 
two sectors described by P and Q about the origin is equal to the 
area of the sector of a circle of radius PQ which contains the 
angle 6,—6,. If the linkage make a complete revolution about 
the pole O, PQ turns through an angle 27, and the sum of the 
areas of the sectors traced by P and Q is equal to the area of a 
circle of radius PQ. 

When one tracing point describes a curve passing through the 
pole an indeterminate condition arises, and a contour described 
twice by one tracing point may correspond to one described once 
by the other. 

By taking a tracing point at any position S in PQ, an area can 
be drawn which is any required fraction of a given area A. If 
QS=c and SP=c’, we have by a particular case of Holditch’s 
Theorem that the area described by S is A(c-c’)/(c+c’) when PQ 
rocks back to its original position. 





Fig. 9. 
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If (vr, 0) and (p, «) be corresponding points on a curve and its 
transformed curve, and ¢ and ® the angles between the radius 


vector and the tangent, then 





rdé pda 
tang = roa tan® = is 
Hence, since rdr+pdp=0 and da=dé 
tanpé- or” 
tane =p” 


If ¢' and ®’ be the angles for another corresponding pair of 


curves through these points, then 
tang’ _ tand 
tan’ sp? tan®’ 


which gives the law of intersection for the transformed network. 





? 
=< 
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$1. Introductory. 


Hermite, in 1864 (Comptes Rendus, vol. 58) introduced into 
analysis the polynomials defined by the relation 


— 42 7 hii) art 
een ves ace (c 7 ) 
where 7 is a positive integer. He showed that they satisfied the 


differential equation 
dU, 


a?U. 
aD Ptah | Uy) 
dx? i dx Ay ee 








that they were orthogonal functions, and that an arbitrary 
function f(x) could be expanded in the form 

J (x) =a,U,+4,0,+.... 
Five years later, Weber (Math. Ann., vol. 1) in discussing the 
partial differential equation 








ads eioeetey 
7 alae 6 Te 
reduced it to the type . 
aes Zy=0 
Se abo 


where Z is a quadratic function of z, and showed that the functions 
of the parabolic cylinder were solutions of this equation. Various 
series which satisfy this equation have been found by Baer in 1883 
(Dissertation, Ciistrin), and by Haentzschel in 1888 (Zevtschrift fiir 
Mathematik, vol. 33). In 1898, Markoff (Bulletin de ? Academie de 
St Pétersbourg, vol. 9) discusses the roots of the. equation 


ay Be (< - 0) =0, 
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The next advance was made by E. T. Whittaker in 1902 
(Proc. London Math. Soc., vol. 35), who showed that Weber’s 
functions were the same as Hermite’s polynomials, and extended 
the latter to the case when nm is not an integer. He solved the 
equation of the parabolic cylinder by means of a family of definite 
integrals, and showed that such previous results as Hermite’s 
polynomials were but special cases of these. One of these definite 
integrals was defined as the standard solution of the equation, 
viz., 


Unt 1) 3 -t-H(P22),_ —-n-1 
n(Z) = ———— Cae —t dt 
D,(2) = ip (-1) "la, 
6 being a contour in the ¢-plane beginning and ending at infinity 
and encircling the origin. When the real part of 7 is negative, 
D,(2) can be expressed in the form 


a 1 Tt 427 n : gr $(¢?/2?) —n—l 
D,,(2) = Rea & i, é t dt. 


The general solution of the differential equation of the parabolic 
cylinder was shown to be 

aD,(z) + 6D_,_,(1z) 
where a and 0 are arbitrary constants. Recurrence formulae were 
also established, and the asymptotic expansion of D,(z) for large 
real positive values of z determined. 

Adamoff, in 1906 (Annales de UInstitut Polytechnique de 
St.-Pétersbourg, vol. 5) discusses expansions of D,(z) when z is 
real and 7 is a large positive integer. In the following year, 
Myller-Lebedeff (Math. Ann., vol. 64), in discussing integral 
equations, introduces the partial differential equation 

Ou du 

Ox? Ok 
and determines as solutions a series of polynomials V,,(a, ¢), which 
are homogeneous in a and »/¢, and which are intimately connected 
with the polynomials of Hermite. 

In 1910, G. N. Watson (Proc. London Math. Soc., Series 2, 
vol. 8) obtains the asymptotic expansion of D,(z) when v is large 
and real and z is complex. He evaluates certain contour-integrals 
involving D,(z), and determines the expansion of an arbitrary 
function in a series of the functions D,(z). 
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Lastly, H. E. J. Curzon, in 1913 (Proc. London Math. Soc., 
Series 2, vol. 12) establishes the connection between the Hermite 
functions of the first and second kind, viz. D,(z) and D_,_,(2z), and 
the Legendre functions of the first and second kind. This is done 
by means of relations involving integrals analogous to those con- 
necting the Bessel and Legendre functions. 


$2. Contents of Paper. 


In the present paper two independent series-solutions of the 
differential equation of the parabolic cylinder are expressed as 
definite integrals, and D,(z) expressed in terms of these by means 
of a linear relation of which the values of the constants are deter- 
mined. Recurrence formulae connecting these constants are then 
established. Next, the solution of the parabolic cylinder equation 
is represented as the solution of a homogeneous integral equation. 
The auto-functions of this integral equation are then shown to be 
given by the functions D,(z). Lastly, certain values of D,(z) are 
given, which values were computed by means of the above relation 
involving D,(z) and the series-solutions of the equation; and, in 
addition, graphs illustrating D,(z) for different values of m are 
appended. 


$3. Serves-solutions expressed as Definite Integrals. 


If we take Weber’s differential equation for the parabolic 
cylinder, viz., 


d’y 
Ly =0 
dx” yay 


where Z is a quadratic function of z, and write it in the form 
adopted by Professor Whittaker, viz., 


d°y 
dz 


we get, as he points out, the two independent solutions 








+ (n+ 4 —427)y =0....... eee (1) 
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These two series adopt a more symmetrical form if we make 
the substitution 


oe 427, 
This effected, (1) becomes 
du du 
dt de +nu=0, 


and the two series-solutions become 


; sp) 2 
ere) wD, 


i ar a ee 
and 

~ 42? n (n-1)(n-3) , (n- 1) (n- 3) (n—- 5) 

0 er re 


which, for convenience, we shall denote by E,(z) and O,(z) 
respectively. 


Considering E,(z) first, we can represent this as a definite 
integral by expressing the various coefficients as I'-functions. 


Now 
J e~“u"cos(cz Jw) du 
0 - 


oa 
Ca UU cia” 
-| po ale 
0 


a ! 





z 24 
BP caet assent. Pane |. 
If we compare this with the corresponding expansion in E,,(z), 
we readily find that, for equality, c= /—2 and k= - > —1. 


Hence we get 


| e~“u-?—cosh(z ,/2u)du 
0 


*\- 4 a a | 


2 
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1 
(a 


aed 


E,,(2) = ea e i e~“ u-?—cosh(z s/2u)du. 
) 0 


In an exactly similar fashion, by expanding sin(c’z / wu) in the 
integral 


| eu sin(c'z su )du, 

0 

and comparing the result with O,(z), we find that 
1 


Oe) = sai Bah ein 2 | e~“u-? I sinh(z J2u)du. 
Jor ( — ) ; 








$4. Hapression of D,(z) in terms of E,{z) and O,(z). 


From the theory of linear differential equations there must be 
a linear relation connecting D,(z)—the standard solution of the 
differential equation in Professor Whittaker’s paper—and E,(z) 
and O,,(z) above, say, 


D,,(2) = a,H,,(z) + 6,,0,,(z), 


where a, and 6, are functions of n, but, of course, do not involve z. 
In order to get this relation, we note that 








E,(z) = aoa i ott 
yee) 
ul ~ 4:2 
O,,(%) = ——— a Ty bss esa atee sheen (2) 
2ar( 5 
! Stee 
AZ) s yi ou ™ era, 
where I= t e—“u-?cosh(z /2u)du 
0 


ee e“u-2sinh(z /2u)du 
0 


Ip= fe BLE ie, 


0 
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If in I, and I, we substitute ¢?=22’u, we get 
if = ate | oe ET nrg A (et A e~*)] dt 
0 
and Ip= a Or )g—m—Aynl 1 (¢ —e~*)| dt 
0 


@ 


n BG 2/42 
whence I,-—I,= aan et HO) —-n—1 gy 
0 


n 
= 2A tigesad le 


Using (2) above, we get the relation 


n _n , 1 
D2) = eae z)— a ae 
22+77'( — 2) 22 D(-n) 








Putting z= — = in the identity 


T'(z)T'(z-+ 4) =T'(22)(2ar)}at-* 
we get the simpler form 





ie Lid Nock 
Ty ee AO ae 
Geran eos) 


which gives us the desired relation. 


§5. Recurrence formulae connecting a, and b,,. 


a, and 6, are not independent, for if we substitute 
a,, Ei, (2) + 6,0,,(2) 
for D,(z) in the recurrence formula 
D,(2) —2D;_1(2) + (v — 1)D,_.(z) = 0 
we get 
a,1,(2) — 2b,_;On_1(2) + (n — 1)a,_.E,,_.(2) 
and 
b,,0,,(2) — 2@,_,E,_,(%) + (n — 1)b,_,0,,_2(2) 

each equal to 0, the former being an even function of z and the 
latter an odd. 
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Substituting in these equations the values of E,(z) and O,(z), 
and equating the several coefficients to zero, we have these relations 
connecting a, and 6,, 

a, +(n—1)a,_.=0 
b, +nb,_.=9 
a,+6,_,=0. 


$6. Hupression of the solution of the parabolic-cylinder equation 
as the solution of a homogeneous integral equation. 


Reverting to the original form of the equation 





Ths (ath-tety=0 (1) 
if we assume 
y= | e pdt 
where ¢ is a function of ¢, we have 
d’y 





a | eeode 


Now 


zy = [ene*pae 
izt 
[2 , [onintba 
a dt 
aa enz iat dp ee izt dh 
-| ; |+[¢ = | [e qe: 


Since the functions inside the square brackets can be made to 
vanish by suitable choice of limits, we have finally 


” int P 
Ba fe dé? dt. 











Substituting in (1), we get for that equation 
; d 
[ el ee es (n A 4) = 1 | dt=0 
whence ¢ must satisfy the differential equation 


d? 
li +(n+3—l)p=0, 





or, s being substituted for 2¢, ¢ must satisfy 
2 


d 
Tet (n+h-4s)b=0, 


which is obviously our initial equation (1). 
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If we call the solution of this last equation ¢=y,({s), then we 
get as the solution of (1) 


b izs 
Y,(2) = An | e*y,,(8)ds. 
Limits of integration that satisfy the conditions are obviously 
—o and +o, so that we have 


Yn(2) = df 


e* y,(s)ds 

§7. Determination of X,, in the integral equation by means of 
Fourver’s Double-Integral Theorem. 

From the equation 


+0 iz 


yp(2) = a,| e® y,(s)ds 


we get 


+o isu 


ae a Beale 


—a 


1 * a Pie Uu 
xe mnte)=| ds | due? ™y,(u) 





= i ds du cos** De a) 





+ ‘| ds} du ital i “) YU). 


Now the former of these eaocie is equal to 


2 as| du je oe wh dys since cos( — 6) =cosé 


ie) 


2 a{ ds du cos s(z + u)y,(w), on replacing a. by s. 
0 —2 a 
Similarly the latter of the integrals vanishes, since 


sin( — 0) = —siné. 
Hence 


* y,(2) = 4 ds| dwcoss(z-+u)y_(w). 
n 0 ——=00 
If we put —z for z, this becomes 


l neat 
sat —2%)= a ds| du Cos s(s — 2)Yn(W) 
n 0 aon 


= 4! ds | du coss(z — u)y,(u). 
0 J -0 
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Now from Fourier’s Double-Integral Theorem, 
[oo] +o 
of(x)=| du] f(B)cos(—a)aB, 
0 —2# 
we get | ds| ducoss(z —%)y,(w) = 7y,,(2). 
0 —2 


1 
Hence TEYn — 2) =4ry,(z). 


But, as shown in the next paragraph, y,(z) is always either an 


odd or an even function of z and is of the form e~4*” n(%) Where 
J,(2) is of degree n in z. Therefore 


Ynk ay z) = ( fe 1)"y,,(2). 
i 1 
=47r(-—1)", or A,=—_———__ 
Ae 2 Jx(-1)3 
so that the homogeneous integral equation may be written in the 
form 


Hence 





Yy,(2) = i e 2 y,(s)ds. 


1 
2 a/r(— 1)? 
§8. Identity of D,(z) and y,(z2). 


We next show that for integral values of n, D,(z) represents 
the auto-functions of the homogeneous integral equation 


isz 


As Sey ie é : 2 y,(s)d 
Consider the case where ” is even and positive. Then since 


D,,(z) =a, E,(z) +6,0,(z) (see §4), and in this case 6, vanishes, 
since ['(—p)=, it will be necessary and sufficient to show that 


Lael” Pao 
Now 


is) izs cd) my, 
| esie, E,,(s)ds = 2e aoa - 5 (2e+iz) + ae (2 +iz)*— | dx 





where 2x=8- 12. 
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If we take as the general term 2’, where r of course is even, this 
will appear in the expansions of (2x +412)", (Qa +iz)""’, ... (2x +12)”. 


The terms involving 2” therefore are 


ss (C= pe et ail Ba Ca eee 
ma peed AACA OS HIE BID Ore OLE PREDIC CET een 
ae SS ees 


+ (1,0, A) iy (aay ae 


Using the identity 
yan 1.3...(2n-—1) - 
I. 6 * 9"da = 2 apy a Jx, 


we find that the above is equal to 








a ee) ee) 
oma ree se 

sje) a lca as Laz i per auetsahd see 

pt 


9S 7(-1 5(iz)"e ~ 
Se ns —2)...2-F-+2) 
(n- r) (n—7- 2) +(-7 So 


| GRAIL ay 


If we put 2p=n and 2¢g=r, the expansion inside the brackets 





becomes 
p—9)(p-q-1) 

he (p=, Oe 2° — 

which is obviously the expansion of (1-2)’"4 we. (- lye 
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SAY 


=% __-3 


Dz. (3) 


—&4. ~3 


79} (3) 
—2, _/ 
2 ee /, 
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2 
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Hence we finally get 


eect ae ee aes a —2)...(n~-~r+2 
| e? E,(s)ds=2 Jie z 2 eer bee ee 
00 r=0, 2, ..n ° 


e = = 2/7(-1)’, and 


~2)...(n—r+2 
BG) =e" [1 Fatt. (- yk ME ag] 


1 
But this is equal to FZ Enl*), sinc 


Parity of reasoning establishes the case when n is odd, and also 
when n is negative. Hence for integral values of n, the auto- 
functions of the integral equation are given by D,,(z). 


$9. Valwes of D,(z) when n=. 














z D,,(2) z D,,(2) 
-3.0 -1. 767855 Oat 0. 639178 
—2.5 —1. 241135 0.2 0. 690620 
-2.0 -~0. 904956 0.3 0. 735234 
-1.5 — 0.577806 0.4 0. 772672 
—-1.0 -—0. 195001 0.5 0. 802702 
—-0.9 — 0.112590 O26 0. 825217 
-0.8 — 0.029289 On 0. 840232 
-0.7 0. 054253 0.8 0. 847884 
-~0.6 0.137314 0.9 0. 848423 
-0.5 0. 219123 Lav 0. 842203 
—0.4 0. 298877 1.5 0. 727895 
—-0.3 0. 375762 2.0 0. 534014 
-0.2 0. 448977 2.5 0. 337318 
-0.1 0.517752 3.0 0. 184882 

0 0. 581368 
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Note on Gauss’ Proof of the Reciprocity of Parallelism. 
By Dr D. M. Y. Sommervitte. 
(Read and Keceived 13th February 1914.) 


The proposition that if AA’||/BB’ then BB’ || AA’ appears at 
first sight so simple that it might be regarded as almost intuitive. 
This is because we already think of parallelism as a symmetrical 
relationship between two straight lines, in accordance with Euclid’s 
definition of parallels as ‘straight lines which, being in the same 
plane and being produced indefinitely in both directions, do not 
meet one another in either direction.” If we take along with this 
definition Euclid’s fifth postulate, or Playfair’s equivalent, it 
defines a unique line through a given point parallel to a given 
line; but, without the postulate, it cannot be assumed to define 
more than a class of lines, and a stricter definition is required. 
Gauss’ definition is as follows: 

The straight line AA’ is parallel to the straight line BB’ when 

(1) the two lines lie in the same plane ; 
(2) AA’ does not cut BB’ ; 
(3) any ray through A within the angle BAA’ cuts BB’. 

This definition does not involve the two lines symmetrically, 
and it is not so obvious that any ray through B within the angle 
ABB’ cuts AA’, which is the reciprocal property that has to be 
proved. 

It is possible to prove this by showing that a line can be drawn 
cutting AA’ at P and BB’ at Q, making equal angles A’PQ and 
B’QP, and then making use of the symmetry of the ‘“ corresponding 
points” P,Q. The object of this note, however, is not to establish 
the theorem in any new way, but to examine two proofs which 
Gauss has given for the theorem. 

In Vol. 8 of Gauss’ Works, pp. 202-209, there are printed 
three notes, undated, but supposed to have been written in the 
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year 1831. No. 1 (pp. 202-206) is entitled “ Parallellinien,” and 
proves the three fundamental properties of parallelism : 

(1) Transmissibility, i.e. if AA’ || BB’ at the point A, it is || BB’ 

at any other point in its length ; 

(2) Reciprocity, r.e. if a||b, then 6a. 

(3) Transitiity, ve. if a||b and 6|\c, then alle. 

No. 2 (p. 207) deals with corresponding points, and No. 3 
(pp. 208-209) is entitled ‘“ Parallelismus,” and deals with the same 
matters as the other two, but only in outline. 

No. 3 contains the following proof of the Reciprocity Theorem : 
‘Let 1 and 2 be parallel. If now 2 is not parallel to 1, let cd’ be 
parallel to 1. Let ca be perpendicular to 1 and ach =acb'= decd’. 
Further cbe=cb'b. Therefore be will cut 2, in c’. Now make 
b'g = be’, then cg and cd’ will make the same angle with cb’. Which 
is absurd.” 


at ove b 7 g 





Fig. 1. 


Now in this proof there is a fallacy, for it cannot be assumed, 
without assuming that cd || ab, that the line cb which makes with ca 
an angle = decd’ will meet 1. 

Bonola, in his book ‘‘La geometria non-euclidea,” gives only a 
short resumé of Gauss’ researches in the theory of parallels, and 
refers to this theorem in the single sentence, “this property [of 
reciprocity] forms the subject of another elegant demonstration of 
Gauss.” Liebmann, in his German version of Bonola’s book, 
changes this to ‘‘the following elegant demonstration of Gauss,” 
and appends the above insufficient proof. The Russian translation 
follows Liebmann literally, but Professor Carslaw, in his English 
translation, has pointed out the fallacy, and gives instead the other 
proof by Gauss which is contained in No. 1. 
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This proof runs as follows* : “ Let the straight line 1 be parallel 
to 2. From any point A in 2 let fall a perpendicular AB on 1. 
Let 3 be any straight line through A between AB and 2, and 
AC a straight line between the same boundaries, so that the 
angle BAC = 3(3, 2). 


tome Dae. L) 1 H 






2Z 


Bion: 


A 


‘“We have now two cases to distinguish. (1) If AC...cuts the 
line 1 in D, make BE= BD, so that E is taken on | on the opposite 
side from D. Through D draw the straight line DF... between 1 and 
DA, so that ADF=AED. This straight line will therefore cut 
2inG. Make EH=DG and join AH. The triangles ABD, ABE 
will be congruent, therefore AE=AD,; consequently also the 
triangles ADG, AEH congruent, therefore EAH = DAG. 
GAH =DAE=(2, 3), AH is identical with 3, or 3 cuts 1 in H, 
and consequently, since 3 may signify any line lying between 2 
and AB, 2 is parallel to 1. 

*©(2) If AC does not cut 1, let D be any point on 1. There 
hold then the same conclusions as before up to the result 
GAH=DAE. Only in this case DAB<CAB or DAE<(2,3). 
Therefore (2, 3)>GAH and 3 will consequently lie in the closed 
figure AHD and therefore cut DH. The rest as in (1).” 


* Figs. 2 and 3 were added by the Editor. Note 1 was found apparently 
with no diagrams attached to it. 


18 
Tt is interesting to find the ‘‘giant mathematician” at fault, 


though our triumph is short-lived when we find the deficiency so 
amply made good in the alternative proof. 


Lee Bey) 





A RK G 
Fig. 3. 


The occurrence of this fallacy proves almost conclusively, what 
is already indicated by the form of the three notes,* that in chrono- 
logical order No. 3 is the first. Its character suggests that it 
consisted of rough jottings and outlines of what Gauss works out 
more elaborately in Nos. 1 and 2. It is almost inconceivable that 
he should have altered, even in a synopsis, a perfectly valid proof 
into an invalid one simply for the sake of simplification. Prof. 
Stickel, who edited the geometrical part of this volume of Gauss’ 
Works, and to whom I communicated my idea of the chronological 
order of these notes, admits that there is undoubtedly much to be 
said for this view. The question will be considered by him in a com- 
plete report on Gauss’ geometrical works which he is preparing for 
the Gottinger Nachrichten, as a contribution to a scientific biography 
of Gauss. Similar reports on Gauss’ works in the theory of 
numbers and function-theory have already been published by 
Bachmann in 1911 and Schlesinger in 1912. 


*For instance, in beginning the proof in No. 3 by the phrase, ‘‘ Es sei 
1 und 2 parallel,” he implies the reciprocal relation that is to be proved. 
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On some results concerning integral equations. 
By Pierre HumBeErt. 


(Read 12th December 1918. Received 23rd January 1914). 


1. Description of the paper. 


It is proposed in this paper to show how the well-known 
Laplace’s transformation, 


b 
y(z) =| ely t)dt, 
0 


which is of great help in finding the solution of linear differential 
equations, gives also interesting results concerning the theory of 
integral equations. In §2 we shall study its application to certain 
differential equations, and find a large class of equations which 
remain unchanged by this transformation. Then, (§3), taking 
instead of e**4, a more general function of the product zé, we shall 
find a solution for some homogeneous integral equations ; in § 4 we 
shall describe a method of solving a very general type of integral 
equation of the first kind, namely, 


F(2) = [ Acnoioae 


a further extension to integral equations with the kernel e/7”/ is 
the object of §5. Then, studying an extension of Euler’s trans- 
formation, we shall (§ 6) consider equations such as 


+0 
y(z)= | flt—2)y(t)dt, 
which will prove to be singular; and finally, in $7, we shall give 
other examples of singular integral equations. 
2. Laplace's transformation. 


Let us consider a linear differential equation of the n™ order 


| Bm ema aate ty of th a Oty feieden ag. 445) 4 se (1) 
and try to solve it by putting 


b 
Wye | ED. VGH A he Ae. sto Noe oh (2) 
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If the limits a and 6 are conveniently chosen, we obtain for v a 
linear differential equation of the n™ order, 


Gv, 05-05)... OY, 8) 0 a (3) 


Between a solution y, of (1) and a solution v, of (3) exists the 
relation (2), which is an integral equation of the first kind. If 
in particular we have 

Y= Ayr 
where A, is a constant, y, will be a solution of the homogeneous 
integral equation 


y(z) = Af ery(eyat 


a 


for the value A, of A. This case will always occur if, the equation 
(1) being of the first order, the equation (3) turns out to be 
precisely the same as (1). 

If the two equations are the same, but of order n, then we 
shall have a relation such as 


b 
CY + CoYo t 0. HOAYn = Al eH cy! yy + Co Yo... +ln Yn lat, 


which is an integral equation, generally of the first kind. 

If we now consider the most general linear differential equation 
of order p, in which the coefficients are polynomials of degree p 
with respect to z, we can enquire what form these coefficients must 
have in order that they may remain unchanged by Laplace’s 
transformation. 


If we write the equation in the following form 


aP wp—| p—2 d’y 
(Gy, p® a5 Ap, p—1” ne Uy, p—2* + Ss ot Ay, oan 
d?—\y |) aun (4) 
oP p—l 
a (p41, p* TO pola) bees et ges Vane pes 
a 


+ 00+ (dy, 2? + Oo, p12? 7 +... +A oy =0, 
it can be easily seen, by forming the coefficient of the term 
| ar | 
dt?!” 
integers), that the equation will remain unchanged if, between the 
(p + 1)° coefficients of (4) there exist the following (y+ 1)? relations, 


t” in the transformed equation (x and J being arbitrary 
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where the symbol ,C, stands for the number of combinations of r 
numbers 7 at a time 
Ay; n= ar (- 1), C (n+ 1)(n4+ 2)...(m+j)dns;, p 
Pl ay + lint 2)...(n +7 — las, ot | (5) 
fo (= TPAC pity 9 
where n and 7 take all the values 0, 1, 2, ...p, 


With these formulae, it is possible to form the most general 
_ equation such as (4), of any order, which remains unaltered by 
Laplace’s transformation. 
Many remarks can be made from the formulae (5). 
For instance, making 
j=9 n=p, 
we obtain 
Up, » = ( al 1)Pa,, P 
which shows that, if p is an even number, a 
arbitrarily. But, if » is an odd number, a,, , =0. 


»,p can be taken 
In the same way, making 
EAU Rew 
we find that a), is always arbitrary. 


These results give for the equation of the second order 
(do, 22" + A, oY" + 2As, ozy + (HAs, 9% + A, o)Y =9, 
and for the equation of the third order, 
Os, ZY!” + (As, 92 + Mo, o)y" 
+ (— 07a 12° + 2d, %)y’ +[0727( — Bag 1 + Go, 9) +A, o]y = 0. 


The above equation of the second order comprises, as a parti- 
cular case, the well-known Euler’s equation; it shows that our 


integral equation can be satisfied by the root y(z)= but we 


l . 
Ja 
do not insist now upon this result, which we shall soon consider in 
a more general case. 

The case of the parabolic cylinder equation is also a particular 
case of this above equation ; such is also the equation 
y et zy =0, 
whose solution can be expressed by the aid of Bessel’s functions. 
We shall now extend Laplace’s transformation to integral 
equations with a more general kernel, 
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3. Extension of Laplace’s transformation. 
In the differential equation 
2ey' +y=0 
let us make the following change of variable 


yi2)= | Fledo(oae 


- a 


where / is an arbitrary function of the product zt. As we have 


y(e)= | Peote(oat 
our equation becomes 
I. dt| 2zf" (zt)tv(t) +f (at)v(t) | = 0. 
But we have, by integrating by parts, 
af zf'(at)tv(t)dt = | 27 ae)eo(e | —2 [ seotw + vjdt. 


Let us take now for a and 0 the values 0 and +o, if for these 
values 


| 2F ee)eo(e le 


Then the differential equation which we obtain for v is 
2tv' + v=0, 
and so is the same as the original equation for y. This equation 


having the solution v= we find that the homogeneous integral 


1 
NES 
equation 


y(2) = {* *f (2t)y(t)dt 


has, for a certain value of A, the solution y= 





1 
NET, 


This value of A is obtained by making z= 1, which gives 


1 +o dt 
ele 2On= 


By a change of variable, we find also that the integral equation 
+o 
(2) =r)" ae ~ a) (t - a)]y(¢)ae 


1 to 
where x7] flt-a] 





has the solution y= 








1 
= Vz-a 
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4. Application of the method to integral equations of the first 
kind. 

Instead of the above differential equation, let us now consider 
the following 

zy’ -ny=0 
whose solution is 
y= 2". 
If we make the same change of variable, namely 


uie)= | flet)o(eae 
0 
we find in the same way that the transformed equation for v is 
tv’ +o(—-n—-1)=0 . 


which has the solution 
Nie Linea 


So we find this result, that the homogeneous integral equation 
of the first kind 


a | JS (xt)o(t)dt 
0 
has the solution 
SD ra alae 


where X,, is a constant determined by 


1 , —l—n 
co [ f (tend. 


If we now consider an integral equation of the first kind 


F(a) =| seyP(oade, 
where F is known, and ® unknown, we can find its solution in the 
following way: 

Let us expand the function F(z), for points z within an annulus 
whose centre is at the origin, in a Laurent series, multiplied by a 
fractional power of z, if necessary, to allow for multiformity: so 

F(z) =2"[a) + a2 4+ a2? +... +027 +b.27 +...) 
Then the unknown function #(¢) will be 
P(t) = 67 [ Agaty + Agate + Agaot? + ... 
+ A_1b,t + A_gbot? + ...], 
where the A’s are given by the formula 


nye : 


oO ° 


| sora 
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As an example of this, we can take the integral equation 


1 tne =| OS at 
0 


2 





and it can be immediately seen that its solution, obtained by this 
method, is ra 
P(t) =t+e = 
T 


5. Further extension. 


Let us consider now the equation 
J (@)y’- AS '@)y =9 
where / is an arbitrary function of z, and make the transformation 
b 
a2) = | ef OF a(t) dt. 
It becomes, after dividing by /(z), 
b 
| dt eF “FO f(z) f (t)v(t) — av(t) |. 
On the other hand, we have 
: t 
| Ff (2)et4 f (t)v(t)dt = ce rot 7 aoe 2 ic rosogys oS 


So that if we take for a and b two roots of /(¢) =0, the differential 
equation for v will be 


f(t) f (t)o' + of(1 + A) S2(t) —f (0) F"(0)] = 0. 


This equation is not the same as the original one; and, if we 
choose the function f in order to make it the same, we shall find 
nothing but 





f (2) =(e+m) 


which gives only a particular case of the kernel studied in §2. 
However, we can go on with these differential equations. The 
solution of the equation for y is 


y(2) =[F (I 
(=f) LF (QR 


and for v, 
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So that we have the result that, a and 0} being two roots of f(t), 
(or also values making e’"=0, 2.e. f(¢)= —«), the homogeneous 
integral equation of the first kind 


[Flay = [ erorocae 


has the solution 
v(t) =As f(t) [S$ (e) 


where A, is a constant determined by 
1 b 
a= | rolorrw 
A a ; 


We can extend this result, in the same way as in the preceding 
section, to an integral equation 


6 
Fl /(z)|= | e7 )F cb(t) dé 
where F can be developed in powers of (2) 


ELS (z)] = 40+ ay (2) + a0 f%(2) + 2 
We shall have then 


2) =o] 


Sha), aA, yy | 
Oia) well 


the \’s being determined by the above formula. 








6. Other transformations. 


Euler has used the transformation 


HOS | ( — z)"~(t)dt 


to solve linear differential equations ; we can extend it, as we did 
Laplace’s, to the theory of integral equations. 
Let f(u) be an even function of wu, which is zero for w= +o ; 


put 
yl2)=| f(t —2)v(e)at. 
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The kernel is, as required in the ordinary theory, symmetrical, 
J being even. We have then 


++ 
y(e)=- [sexed 


+00 


-[re-2yo(o) | + [P= aye 


I 


+o 
ie at — z)v'(t)dt. 


so that, if we consider the equation 


y' — ay =0, 
it becomes, by this change of variable, 
v —av=0. 


The solution of this equation being v=e™”, we find in that way 
that the homogeneous integral equation of the second kind 


+o 
via)= | fe-aylode 


has, for a certain value of A, the solution y =e”. 

The question is now, what is this value of A. 

We obtain it as we did before, and find 

— US (pet 
But @ is an arbitrary constant, to which we can give an infinity 
of values; to each of these values corresponds a value of A, and 
inversely, to a given value of A corresponds a quantity a, and 
therefore a solution e“ for the integral equation. This equation 
appears then to be a singular integral equation, not having, as in 
the general case, a limited number of auwto-values for the parameter 
A, but having an infinity of them; in fact, any given number is 
an auto-value. The relation between the given and the corre- 
sponding a is the above. It can also be pointed out that to a 
chosen A correspond two values of a, namely a and —a, for 
+00 00 
| evf (t)dt = if ef (t)dt. 

But these are not the only singularities of that equation. The 

special value of A corresponding to a=0, 7.e. 4», where 


ae [soa=2 [; tae 
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is remarkable in another way. For if we consider the integral 
+a 
r= | J (t - z)tdt, 


we can, to find its value, make the change of variable t=u+2z, 
so that 


+00 Bag z 
[= | J (ujudu + “| J (u)du = Tad 
oes -— © 0 


for, owing to the fact of / being even, the first of these two integrals 
is equal to nothing. So, for the particular value A= ,, our equation 
is satisfied not only by y(z) =const., but also by y(z)=z. It can be 
shown in a similar way that if the integral . 


Az f(u)wdu 


9 
“ 


is equal to nothing, the equation possesses also the root y(z) = 2’, for 


the same value of X. And then, in this case, as 
+0 
J (u)wdu = 0, 


it has also the root y(z) = x*, and go on. 


Remarks of the same kind can be made on the subject of the 
integral equation 


+0 
ye) =|" f+ dyldae 


which can be connected with the differential equation 

yf" i ay = Os 
and is a singular integral equation, any value of A being an auto- 
value ; and the two values 


l oh 

Plane | pega 
having special properties. 

We can also extend our method to integral equations of the 
type 
y(2)= [FL @) FO} 
with convenient limits ; they can be connected to the equation 
y' — af (z)y =9, 
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and we obtain the integral equation of the first kind 
or74) =X FLP@) FOU erat 


As we did in some of the preceding sections, we can apply this 
result to the case of a function such as 
y(2) =a) + ae? + a,e7") 4 .... 
But this transformation, as well as the similar one, 


yc) = [BLP +f }oat 


is of no use to obtain roots for new types of integral equations of 
the second kind. 


7. Singular integral equations. 
This brings us to say some few words about homogeneous 
singular integral equations. It is well known that the equation 


ioe) 


y(z) = ay coszt . y(t)dt 


has, for the special value A= n ae an infinite number of solutions, 
T 
owing to the fact that the integral 


f(2)= | “coset 


possesses an inversion formula, which is Fourier’s formula, 
9 © 
(2) = =| coszt f (t)dt. 
T 
0 


We can extend this as follows: 
Let us consider the integral equation 


b 
(=| Ke, anoles 
where K(z, ¢) is a symmetrical kernel, g(¢) a known function, and 
g(t) an unknown one, and suppose that an inversion formula exists 


for this integral, and is of the type 
b 
$(z)=A i K(x, t)g(t)f (tae, 


where A is a constant. (Fourier’s formula is a particular case of 
this inversion). 
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Then let us consider the function 
] 
ie ee ae 2 
He)=/(@)+=4() 


Replacing f and ¢ by their expressions as integrals, we have 


He)= | aK, Hoo] 6) + VA MO |= VA | aKa O94. 


We obtain thus an integral equation of the first kind. Let us 
make the change of variable 


t= x(@) 
where @ is defined by 


ee | oteat 


Let us put also z= (uw), and denote ¥[x(u)] by V(u). Our 
integral equation becomes an integral equation of the second kind, 


¥(u) = VE | K[x(), x(8)]¥(0)Ad6, 


and, for this special value J A of the parameter, it has an infinite 
number of roots, namely, 


Hu) =/[x()] +41 x(u)} 


A remarkable example of this happening is given by using 
Hankel’s formula 


F(e)= | Syletes(ode, (2) = | saGoes (oat 


it shows that the integral equation 


Wa) = | Ia(2 Vet yee 


has an infinite number of solutions. 
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Notes on Spherical Harmonics. 


By Joon Dovueati, M.A., D.Sc. 


(Read 12th December 1913. Received 30th March 1914). 


This paper contains 

(a) an explicit solution of the problem of finding a function 
which is harmonic within a given sphere and takes at 
the surface the same value as a given rational integral 
homogeneous function of the rectangular coordinates of 
a point referred to the centre of the sphere as origin ; 

(b) a concise symbolical expression for the integral, over the 
surface of the sphere, of the product of any three 
rational integral spherical harmonics. 


I believe that the results are new. The expression, for two 
spherical harmonics, corresponding to that of (6) has been given 


by Cayley.* 


1. Write as usual 


0? ae ot egy? gt, al are ihe pace eee (1) 
; a2 92 Q2 
"Oa? ay? Oat a ce bled videle weitere metas (2) 


If uw, is a homogeneous function of x, y, z of degree n, it is easy 
to prove that 
V7(1? ty) = P( Pp + 2+ 1) 7? th, + PV gy voc cscrernvecs (3) 
and thence that, if » is a positive integer, the function defined by 
the finite series 
2 2 1 

Ue Dont)” 2-8 CAEN a) 
is a rational integral spherical harmonic of degree n, which we may 
denote by H(w,). From (4) it is obvious that, if H(w,,) vanishes, 
u, contains 7? as a factor. 


74, eee (4) 





* Cf. a paper ‘‘On a certain expression for a spherical harmonic, with 
some extensions,” Proc. Hdin. Math. Soc., Vol. VIII. 
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Interesting examples of (4) are obtained by taking 


Ds leche ee Ae i ln ARETE byte Reade (5) 
Un = (x? +y")?, nm even 

n cd. PaOn erie (6) 
Uy, = (x+y) 22, n odd, 


Dae GE Oe sae i ere MA te Sof Fy (7) 
With regard to (7) it is worth noting that the series (4) will 
terminate for any value of n, provided m—™ is a positive integer. 
2. It is well known, and will be proved immediately, that w, 
can be expanded in a finite series of the form 


it Ne ray eis elds ca aa mice) 
where Y,, Y,_» ... are harmonic functions of the degrees indicated 
by the suffixes. The usual way of determining Y,, Y,,., ... is as 


follows. By successive applications of V°, we get from (8) with 
the help of (3) 
V Uy = 2(270 — 1)Y,, 9 + 4(20 — 3)r?Y, yt eee. ato) 
WA a 2.4(2n — 3) (2n—-5)Y,_,+......... ace) 
and so on. 

The last of such equations will give the lowest harmonic Y 
explicitly ; then the last equation but one will give the lowest 
harmonic Y but one; and so on. But it does not seem to have been 
noticed that a general formula for any of the harmonics Y can 
easily be found. For it is obvious that an identity exists of the 
form 

u, = H(u,) + Cy"? A(V77u,,) + Cyr*H(V7*u,)) + ...... parts) 


where C,, C,, ... are constants. 


This is easily seen if we write down a few terms in full, say 


1 ay 227 i 4 
ce)? ian —1)@n—3) ¥ 
1 2 4 

ae me a 12 

*3QGn — —{V STOTT aE oe ae Bie 


r* | 
ia Soo ae en = GF Oo he ge eee 4 are A 
Aan } 
Here the coefficient of r*? in the second line is taken so that the 
term in 7°V7*u, may disappear ; then the coefficient of 7* in the 


third line so that the term in 7*\V/*u,, may disappear: and so on. 
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But, once the expansion (11) is seen to be possible, the co- 
efficients C,, Cy... are easily obtained thus. Operate on both 


sides of (11) by V7’, V%, ..-.. Then, as at (9), (10) 

V Un = Cp .2(20 — 1)H(V77u,) + C,. 4(2n — 3)r°H(V/4u,) +... (18) 
V {ta = C,.2.4(2n — 3)(2n — 5)H(V/*u,) +... (14) 
and so on. 


Now the process described at (9), (10) shows that only one 
expansion of the form (8) is possible. And (11) then shows that 
the highest harmonic in the expansion of V/*w, in the form (8) is 
H(V*u,). Thus from (13) 

C,.2(2n —11) = 1 od ee eeron (15) 

Similarly, C,.2.4(2-—3)(2n—5)=1, ...) ae (16) 
and, generally, 

C,,, .(2 .4...2p)(2n - 2p + 1) (2n — 2p - 1)...(2n - 49 +3) =1... (17) 

The values of uw, in (5), (6), (7) give useful examples of (11). 
The solution of the problem stated in (a) follows easily, for it is 
seen at once from (11) that the function which is harmonic within | 
the sphere r=a, and takes the same value as w,, at the surface, is 


H(w,,) + C,a°H(V77u,,) + Cya*H (V7 4u,) + .... 000. (18) 


3. Since the surface integral of any rational integral harmonic 
of degree greater than zero vanishes when taken over the surface 
of a sphere with centre at the origin, it follows that the surface 
integral of the function u, depends only on the constant term, or 
harmonic of degree zero, in the expansion (11). 

If m is odd, this harmonic does not occur, and the surface 
integral vanishes. 

If m is even, the last term of (11) is 

1 


(n+ 1) ! us M7, Uns 
and in this case, if = 2p, and the radius of the sphere is a, 
Agr 5 F 
| [unas = (oneness "boy « Sis ole ora nratele eenitiets (19) 


4. For an application of (19) take 
Wop = (A,X + byy + €,2)' (agx + boy + cz)”, 
where 
ay’ +b,’ +c =0, 
as + b.7 + Og. => 0. 
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_ As a consequence of (18) the functions (a,¢+6,y+¢,z)' and 
(a,x + boy +¢,%)" are both harmonic. 
Hence 
V7 Uy = 2m (ay dy + by by + Cy) (a," + Dy + €,2)' "(age + boy + Co2)"—}, 
and, continuing the process of taking V7”, we see that 7, will 
vanish unless /=m, but that 


VW? { (a + dy + 6,%)?(aox + boy + Co%)”} 
= 2°( p !)?(ayate + 1b, +.6,Cy)?.-...0.. 000 (21) 
Hence, if /, m are different, 
| Gx + by + 6,2)’ (aga + boy + co2)"dS, =0 5.2.0.0... (22) 
but 


[ee + bry + €,2)? (Agu + boy + co2)?d8, 


Bare Pree Pea ab Ds + €,0.)" (23) 
= Qp+1)he™ 109 tC, Co) es acess 2 


5. These results may be generalised so as to give expressions 
for the surface integral of any two spherical harmonics. For if 
u, is a harmonic of degree /, we may write symbolically 


(x Na ( ae + S452). au(tny by 6) (24) 
U(X, Y, Leal, snes Yay Fe © Uj( Ay, Oy, Cy) «20000 Z 


wee {(S+(B)#(B)} sled -B rs 
where sa, + ab, + 50, site Cory Oi Cl) = Wane em celes tee (2 


Applying the processes of Art. 4 to any harmonics 2, Un, Up, 
in their symbolical forms, we find 


[ [wenn 4): i oe (26) 


ut 
[ Jue. ds, 


2P mou. Oe ONE 
param es Paonia ca 
(2p+1)! \Ga, da, 06, 0b, 0c, Gc, 

Mbt Oia 0, hen) OH Bry Oas. Co) a5 cave +-s (27) 


b 


= 4rq7Pt 


6. Results analogous to those of the last two articles may be 
obtained for the integral of the product of three harmonics. 
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Let U, =(ae+by+c,2)’, 
Wa, = (Ue + Df +H CoZ)™, b necvevcnrcccsnencanencnesmenen sien (28) 
Un = (asa + byy + C52)", 


Ay’ +b,’ + co’ = 0, 


where a,’ +6, +c¢,?=0, 


If /+m+n is odd, the integral of the product of the three 
harmonics obviously vanishes. 


Suppose then that 7+m-+v7 is even and equal to 2p. 
In order to find \Y7?"(u,u,,u,) consider | 
w= {daa + dy + ¢,2) + page + boy + ¢,2) + v(ase + bsy + cz) }? 

= {(Aa, + pa, + vag)x + (AD, + poby + vbs)y + (Ac, + pcg + Ve3)2}°?. 
We fave 
V Pu = (2p) !{ (Aa, + pa, + vats)? + (AB, + by + vbs)? + (Ac, + peg + veg)? }” 

= (2p) ! 2?{ wv(ards + b,b3 + co¢3) + VA(a3a, + 0,4, + €5¢;) 
+ Ap(aya, + b,b, + ¢,¢2) }”, ...(30) 

on account of (29). 

Now equate the coefficients of A’u”v" on the two sides of (30). 
On the right side the coefficient will come from a single term 


involving, say, ( jv) (va)? (A By)’, 


where B+y=l, yta=m, a+P=n, 
so that 
m+n—l n+l—m l+m-—n 
a aa, eae ag 


Hence if any one of J, m,n is greater than the sum of the 
other two, then 


5 57%? (Utigtts) = 0; sie. (31) 


but if any two of /, m, m are together not less than the third, then 


(2p)! 
Lim!n! 


Pp! 
V7? (UjUmUn) = (2p)! aR TES . 


(dintts + babs + CoC3)"(A30, + 650, + C40) (Ay + bby + C409) ...0e. (32) 
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Thus, by (19) 
[ [eat ties ah) Sate orate, ret ter teres a (33) 


if any one of J, m, n is greater than the sum of the other two; 


otherwise 
| [mental 


it+m+n 
23 (SEEN mt! 
AP ae 


a 4rqitmtnt2 





—l +b-; l z 
rei = (ee 


= ad 





m+n—l n+l—m 1+m—n 
(a.03+6.b;+¢¢3) 2 (@,0,+63b;+065¢,) 2 (ayagt+ b,b,+¢,¢,) ° 
(34) 


Verify that this reduces to (23) when /=p, m=p, n=0. 
The generalised results for any three spherical harmonics may 
now be written down at once as at (26), (27). 
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Some Graphical Methods for Determining 


Centres of Gravity. 


By Dr R. F. Muirueap. 
(Read 13th March 1914. Received 31st March 1914). 


I. Polygonal Plane Areas (First Method). 
This method is associated with the well-known construction of 
a triangle equal in area to a given polygon. 


In Fig. 1 let ABCDD,C,B,A be the polygonal circuit enclosing 
the area, and let DD, be any side not adjacent to A. 


Let BC’ || to AC meet CD in C. 


ora Lee ee eee? +! DD ve 
bP] iB CF 9) 99 AC, bP] C,D, 9 Cy. 
9) CEDy 9 99 AD; 9 Dy 99 Dy. 
bP] Ce 9 9 BD 9 BC’ 3) C. 

” Dd 33 bP) Dye bP) D'c bP] d. 

5 1G] 33) a PD B,Cy',, ¢. 
py WAR cay Bo iba ” Dy’, 5, @. 


Let O be the mid point of D’D,’', and let AO be produced to 
A’ so that OA’ = AO. 

Complete the parallelograms dD'A‘d', d,D,'d'd,'. 

Join Ad,’ and from it cut off AG equal to Ad)’. 

Then G is the centre of gravity of the given polygonal area. 

To explain the construction we note that the triangle AD’D,’ is 
equal in area to the given polygon. The rest of the construction 
depends on the principle that if a part of a body have its centre 
of gravity displaced by a step s, the corresponding displacement of 
the centre of gravity of the whole will be =as where « is the ratio 
of the mass of the part to the mass of the whole. 

NV.B.—Here, and in what follows, we use the symbol = to 
indicate equality of length combined with sameness of direction 
and sense. 
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Fig. 1. 
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Now if the triangular area ABC is shifted to ACO’C, its centre 
of gravity is displaced through a step which is =}BC’. It follows 
that the centre of gravity of the area which was originally ABCDA 
and becomes changed to AC’DA is displaced through a step which 
=icC’, since 

cCO’: BC’=CC’: DC’ =area ABC : area ABCDA. 


Again if the triangle AC’D is replaced by the triangle AD'D, 
its centre of gravity gets a further displacement which = 3C’D' so 
that in replacing ABCDA by AD’DA the displacement of its 
centre of gravity is compounded of 4 of CC’ and 4 of C’D’, 1.e. is 
=icD’, and the consequent displacement of the centre of gravity of 
the whole polygonal area is =4dD’, since 

dD':cD' = DD’: D,’D’=area ABCDA : area ABCDD,C,B,A. 


Similarly in replacing the area AB,C,D,A by the area AD,'D,A, 
the centre of gravity of the whole has been displaced through § of 
the step d,D,', so that we can reach the centre of gravity of the 
original area by constructing that of the triangle AD’D,’ and 
making a step from that, which is + of the step compounded of 
D'd and D,'d,. 

It follows that G is the centre of gravity of the given area. 

It may be remarked that this method of construction is applic- 
able to any plane area, whether forming a single polygon, or 
several, if it is bounded by straight lines, and whether the polygons 
are convex or not. It even applies to areas bounded by autotomic 
rectilinear circuits, if we keep to the usual conventions as to the 
sign and ‘‘multiplicity ” of the various compartments, as explained 
by De Morgan (‘“ Extension of the Word Area,” Camb. and Dub. 
Math. Journal, Vol. 5 (1850), p 139), and earlier by A. L. F. 
Meister (‘‘De Genesi et Indole Figurarum Planarum,” Nov. Com. 
Gott, Tom. I. (1769-70), p. 144). 

In the case of an area bounded by several separate polygonal 
circuits, it is only necessary to introduce double straight lines 
leading from a point in the perimeter of one disconnected part to a 
point in the perimeter of another, and back, and to continue this 
process till all the separate parts are joined up so as to form an 
area bounded by a single rectilinear circuit which includes each of 
these double lines, traversed once in one sense and once in the 
opposite sense. 
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For example, in Fig. 2 the two areas ABCD and EFG being 


given, the single circuit ABCDEFGEDA bounds the whole area, 
the connecting line DE being traversed in both directions. 


A 
G 


C ia 


Fig. 2. 
The method of construction as appled to the general case of the 
area enclosed by a single circuit AB,B,...B,,C,C,_,C,_»...0,C,A 


may be stated thus :— 
Let B,B, | to AB, meet B,B, in B,’. 


9 B, Bia 99099 ABA; ” B41 B45 9 Be 

” Diets: 99 abe ” Veja 9 Be 
followed by a similar construction, interchanging C’s and Bs, 
mandn. ‘Then 

emeb.o. i to .b,B, meet BB, in’ 6, 


COP eee eee see eeFeeeeeeseeFeseeeeseeeesereee eet oeeses 


’ 
9 B,0, ” DB) aed sey 9 bb, 9 b 


eee eee eee eee eee eeeseesete et eee seest Soe eee eeeeseeeseres 


9 Le Sety 9 99 ey +3 b B f ib) b 


m—l1m 


with a similar construction, interchanging C’s and B’s, m and n. 
Let ieee O = OC,’ AO = OA’, BOF: = Bes Nee re Ch = Cn Cny 
AG=AC,’. 
Then G is the required centre of gravity. 
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II. Centre of Gravity of a System of Particles. 


Let n particles m,, m., ... m, be situated at points A,, Ay, ...A, 5 
and let A,. be the centre of gravity of m, and m,, A,; that of 
m, and ms, and, generally, let A,, be that of m, and m,. 


Let the straight lines A,A, and A,.A; intersect in Ajpos. 
” 9 ” ” A joAsg ” AjogA4 Be) +) Arose: 
” b) he) 9 Ayo »-1Ay, r—l 9) eee ” 99 Areas r+1 
93 bb) 99 3 Dini stned nm) Aa abn 9 9 Ascend n. 


Then A, ,-3,, is the centre of gravity of the system. The 
reason is obvious. 
This construction fails when the particles are all in a straight 
line. In this case we may introduce a new particle m, at Aj, a 
point not in line with the rest, and having constructed the point 
Aois.n by the above method, draw A,A,.,, to meet the line of the 
given system in G, which will be the centre of gravity of the 
system ™, Mz, ... Mp. 


n 


III, Polygonal Plane Areas (Second Method.) 


It will suffice to illustrate this method, which is based on II. 
by a single example. (See Figure: 3). 
Let AB,B,B,B,B,A be a plane polygon, and let £,, 6., B3, By be 
the mid points of B,B,, B,B;, B,B, and B,B; respectively. 
Let 6,6, meet AB, in C, and let 6,6,,=C.,. 
” BBs 7) A Balysta ays BoBo3 = C5P3. 
9 BBs +P) AB, ” GC, 9 ” BsBss = C48, 
Let 2,82; meet By; in Pyo5. 
9 ByoBss »B) Bios 4 ” Passe 
Let AG=2AP,,5, Then G is the centroid. 


To prove this result, we note the steps from A to the centres of 
gravity of the triangles AB,B, and AB,B, are respectively = of 
Af, and 2 of Af,, so that the step from A to the centre of 
gravity of the figure AB,B,B,A will be 3 Af,,.. Similarly the 
steps from A to the centres of gravity of the figures AB,B,B,A and 
AB,B,B;A will be respectively $ of Af,; and 2 of Af;, Hence by 
II. G is the centroid of the area of the polygon AB,B,B,B,B,A. 
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This construction can be modified in the following manner :— 
Take Ay,=2AP,, Ay.=?AfP,, etc., and in the rest of the construc- 
meOEtILULONy,, y2.:-y),, etc., for f,, 6, ... P,, ete. Then yy, 
is the required centre of gravity. With this modification it is 
unnecessary, in dissecting the polygon into triangles, to draw all 
the dissecting lines from the same vertex A. Any dissection of 
the polygon into triangles will serve, provided the triangles form 
_a@ succession such that every pair of adjacent triangles in the 
succession have one side in common. 





This method is, geometrographically considered, simpler than 
that of Section I., but it is to be noted that if set squares are used 
there is no need to draw the lines shown dotted in Fig. 1. 
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IV. Additional Remarks. 


The method of II. is not confined to plane systems. And it is 
to be noted that we can apply this method to construct the centre 
of gravity of any system of bodies once we have obtained their centres 
of gravity and the centres of gravity of adjacent pairs when they 
are arranged in a succession or series, in any order. 

For example to find the centre of gravity of a polyhedron, first 
suppose it divided by plane interfaces into tetrahedrons, and let 
these have an order in succession such that any two successive 
tetrahedrons have one face in common. It is then easy to construct 
the centre of gravity of each tetrahedron and of each pair of 
adjacent tetrahedrons in the succession. The problem is then 
reduced to that of II. 

Section II. suggests a rather extended application of statical 
reasoning to prove geometrical propositions, analogous to the statica] 
proof of the concurrence of the medians of a triangle. 

If we have a set of points (1), (2), (3)...(~) (1, 2), (1,3)...(1, 2, 3), 
etc., which are situated so that the following sets of three are each 
collinear triads, viz., 

CL) eCLy 12), ae )ee (2), (2:80), bo) serene (n—1), (n—-1, ), (nm) ; 
(1), (1, 2, 8) (2, 3)5 (1, 2) (1, 2, 8), (3); ete. 

Vieeats (1, ...7—1), (1,...7), (7) 3. (1)..29°— 2), (1) 
[where (1...7) is a contraction for (1, 2, 3...r)]. 

Then a similar set of collinearities will hold good for the 
system of points when the fundamental set (1), (2)...(7) are taken 
in any other order of succession, and the points (a, b,¢...&), 
(p,q,--t) and (a,b,c... k, p,q...¢) will be collinear when 
a, b, c...k, p, g,...é are any of the numbers 1, 2, ... x. 

Thus when ~=38 we can choose arbitrarily the point (1, 2, 3), 
and the remaining points (1, 2), (1, 3), (2, 3) are thereby deter- 
mined by intersections of pairs of lines, or we can choose, say, the 
points (1, 2), (1, 3) arbitrarily on the lines joining (1) and (2), 
(1) and (3), after which the two remaining points (2, 3) and 
(1, 2, 3) are determined. 

When n= 4 we may choose arbitrarily on certain lines the three 
points (1, 2), (2, 3), (3, 4), after which the remaining derived points 
(1, 3), (1, 4), (2,°4), (1,2, 3), (2,8, 4), 45.1), (1254 ee 
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are determined by intersections of pairs of lines, giving altogether 
19 sets of 3 collinear points: but in this case there are 6 triads of 
points which are collinear though the lines have not been drawn. 
Thus there are six collinearity theorems for such a set of points. 

In the general case where 7 has any positive integral value, the 
total number of the principal and derived points is 2”— 1. Amongst 
these are 3(3"+1)— 2” triads of collinear points. Of these col- 
linearities, 2"t'-3n-—1 are given in the construction of the 
derived points, leaving 3(3"+3)-—3.2"+3n as the number of 
triads, the assertion of the collinearity of each of which is a 
theorem. ‘Thus for n=3 there are no theorems of this sort; for 
nm=4 there are six theorems; for n=)5 there are forty-two 
theorems, and so on. 

The dually correlative theory, in which concurrent lines take 
the place of collinear points, and wice versa, will obviously be true 
also. It is associated with a method of constructing the line of 
action of the resultant of any number of coplanar forces acting 
along lines (1), (2), (3), ...(~%), when the lines of action (1, 2), 
(2, 3) ..(7-—1, m) of the resultants of successive pairs have been 
determined. The line (1, 2, 3) is got by joining the intersections 
of (1, 2) with (3) and of (1) with (2, 3); then the line (1, 2, 3, 4) 
by joining the intersections of (1, 2, 3) with (4) and of (1, 2) with 
(3, 4), and so on, until we get the line (1, 2, 3...~), which will be 
the line of action of the resultant. | 

This theory and method, however, is not applicable in general 
to the case of non-coplanar forces, but only if the lines whose 
mutual intersections should determine points in the figure do 
really intersect one another. 

The construction of the line (1, 2, 3...7) also fails in the case 
of coplanar forces if the forces are all parallel. But in such a 
case we can introduce a new force (0) and construct the line 
(0, 1, 2, ...); then the line of action (1, 2, ...) of the original 
set will be parallel to them and will pass through the intersection 
of (0, 1, 2...) with the line (0). By a similar expedient we can 
evade the difficulty arising from the parallelism of any two lines 
whose intersection is required. 
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Theorems analogous to Newton’s Theorems on Symmetric 
Functions, with Hlementary Proofs. 


By Dr R. F. Muirgeap. 
(Read 13th March 1914. Received 31st March 1914). 


In his article in No. 15 of Mathematical Notes, Dr Dougall has 
shown how by introducing series with terms and a remainder, 
instead of infinite series, some well-known proofs of Newton’s 
Theorems and others can be rendered more elementary in character. 
Once the idea has been suggested, it is of course easy to find further 
applications for it. 

In what follows I propose to give some formulae which are 
closely analogous to Newton’s though not so well known, and to 
furnish them with proofs in which Dr Dougall’s idea is further 
applied. 

Notation :— 


I use s,, 8, ..8,... for the sums of the 1*, 2"4, ...c powers of 
m letters a, B, y...4; and p, py ...p,...P, for the elementary 
symmetric functions of these letters; and H,, H,, ...H,... for the 
complete sums of homogenous products of the letters, of degrees 
1, 2, ...7,... Thus p, stands for 2(af... to r factors) and denotes 
what is denoted by (-1)"p, in Dr Dougall’s article. 


The following Lemmas will be proved :— 
(i) I(l-owx).{1+H w+ H2?+...4H,2"} =1+a2”"'R,, 
ee II 1 — a2) 9 
(11) yee = 1 — (nm — 1)pye + (n — 2)poar*... + Daal — &)"™ 
(iii) D{(1+ 2amn + 3a2e*? +... + (m+ l)a”a™) (1 + Ba t+ BPa? +.. + B™x™) 
(1+ Aut... +A™x™)} 
=n+(n+1)Hyx + (n+ 2)H,2? + ...4+(n+m)H,,2” + 2™7R,, 
(iv) IL(1—aw). 2{(1 + 2a0+ 307? +... + (m+ 1l)ax™) 
(14+ But+...4+P™x™)...(1+Av+...+A™w™)} 


=N+ 80 +807? +...+8,0"°+2"R, , 


45 


where in each case the product-symbol II and the summation 
symbol = extend over nm values of the typical factor or term, in 
which each of the n letters a, 6... is in succession substituted for a. 
R,, denotes in each case a polynomial in x with a finite number of 
terms ; and m is any positive integer. 

The formulae, analogous to those of Newton, and deduced from 


these Lemmas are as follows :— 


I. H,-p,=0 
H, — Hyp, + p, = 0 


ee ee 


H, ay |e boyy + Vis bas 9 pp or, Ps ( are 10s = Ey eae ne ( sa Ly pe: = 0. 


Il. Hyp, -2p,=8, 
Hp, = 2H, pp a 3)35 = 83 


H,_:p, — 2H,_.p.+... + (—1)"(r — 1)Hyp,_, - (-1)'rp, =8,. 


III. $+ 8,_,H, +5,_.H, +... +8,H,_, =rH, 
and for comparison, we may write down Newton’s 
formulae with the same notation, viz. :— 


IV: 32,-p,=0 
Sq — 8p, + 2p. = 0 


eee eseseeec esse eesee eee 


S, — 8,11 + S,_2P9 — «+6 ( ne 1)’s,p,1 aE ( ey LD = 0. 
In all these formulae it is to be noted that 7 may have any 
positive integral value, but when r>n we have 


Prt = Pate = ++ =P, = 9. 


To prove Lemma (i), note that 
(1 —ax)(1+axc+oa7x?... +00) =] —amtlymti 
II(1 —am). U(l+ax+o'a?+...+a™e™) =T(1 -—a™ta™t?), 
Now 
(1 +oe+...+0%e")=14 Hye + Ho2’+...4 0,2" +a"7'R,’ 


where R,,,’ =a polynomial in a. 
And II(1-a™ Ha") =14+RK,," 2"t!, where R,,” =a polynomial 


in 2. 
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Hence | 
II(l-om). {1+ H,v+H2°+...4+H,,0”} =1+a"(R,,’-II(1 — ox)R,,”’) 
=] pat Re 
where R is a finite polynomial in a. 


Proof of Lemma (ii) : 
II(1 — ox) 


l-—oax 


We have = (1 — Px) (1 —yax)...(1 - Ax) 

=l-axr+a ~?—...+a,_,(-—2x)"7* 

where a,=the elementary symmetric function of degree r of the 
n—1 letters f, y, ...A. 


abl Ii(1 re a.) 2 .\n—1 
Similarly (1 — Bay = 1 = b,x + boa weet Beat = x) 
where 6,=the value of a, with « and f interchanged, and so on. 
IT(1 —- 
Hence 2“) <n — 23a, + 23g... + (— 2)" Ba, 
See 


the summation extending over m terms, one of the letters a, £...r 
being omitted each time. 

It is obvious that Ya,=(n—-r)p,, since any particular combina- 
tion occurs as often as there are letters not involved in it, viz., 
n—r times. 

Hence 

ante — a2!) 


l-—az 


=n —(n-1) pyet+(n—2)p a? — ... + py, 4(-— 2)". 


To prove Lemma (iii), consider the expression : 


D{(1 + 2oa + 3020? +... 4+4m+ lama”) (1+ Bat... + Bx) 

(l4+yat+...+y"x™)...(l+Av+...+A™x™)} 
where the summation extends over » terms, in each of which one 
of the letters «, 6, ...A occurs in a factor similar to that involving 
o in the typical term attached to the >. If this expression 
be expanded, we get a set of terms of the type Ca%6?...Matt?-t7 
where C is a numerical factor and the indices a, 0, .../ are positive 
integers or zeros. The terms having the same values of a, 6, ...1 
are m in number, and each has one of the values a+1, 64+1,...¢0+1 
as numerical coefficient. Hence the sum of such terms is 


{(at+1)+(64+1) +... + (2+ 1) }a%B?... Nayatet 
so that the numerical coefficient =n+ 2a=n+r where r is the 
index of the power of x. 


4:7 


Thus the coefficient of x” in the expansion is 
(n+r)d(a*py’...d'), 
where a, b,c... take all positive integral or zero values that make 
2a=r, so that 2(a7B?...A’)=H,, provided m <r. 
Hence we have 
Z{(1 + 2a + 3a%a? +... + (m+ 1l)ama™)(1+ Bat... + Bm”)... 
(URAL eet Nee) 
=n+(n+1)H,e+ (n+ 2)H2?+...4+(n+r)H,+...+(n+m)H,,2”™ 
+a finite polynomial in x having no power of x lower than 2+, 
To prove Lemma (iv) : 
(1+ 2004+ 3072? +... +(m+1)a™x™)(1 -- aa) 
=l+an+o2x?...+a™e™— m+ lomtgmt 
(1+ Bat Pa? +... + B™x™)(1 — Bx) =1- B™ a", ete. 
Hence 
{1+ 2oe+ 307? +...+ (m+ 1)n"e™) (14+ Pat Par? t+ .. + Pu")... 
(1+ eed + ane — a2) 
={l+oaxrt orn? +... +0 — (m+ 1l)amhar} 
eet oe awe ( Lie Agee) 
=l+oan+o's? ..+a%xe"+e"" x (a finite polynomial in «). 
Summing, over equations of this type, we have 
II(1 — am). 2{(1 + 2au + 307x?... + (m+ 1)a™x™) 
(1+ Ba + Ba”... + B™x™)...(1 + rx... + A%x™)} 
=N+8,0+827...+8,,0"+2"" x (a finite polynomial in x). 
To prove Formulae I., we have by Lemma (i) 


{l-p,vt+ px... +p,(-x)"} {1+ Hx + Hoa? +...+H,2”} 
=l+a2"'R,. 


Equating coefficients of a, x, ... x”, we get the formulae as stated 
above. 
To prove Formulae IJ, we have by Lemmas (iii) and (iv) 
{l—p,vt+ pe... +p'(—x)"} {n+(n+1)Hyet.. 
+ (n+ 2)Hi2? +...+(n+m)H,,0"} 
=n+s5,04+5,0°+...+8,0"%+a finite polynomial in x con- 
taining only powers higher than a”. 
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Hence, equating coefficients of 2’, 
(n+7r)H,-p,(n+r—-1)H,_,+p.(n+r-2)H,.-... 
we +(—1)""p,_,(2 + 1)H, + (- 1)’np, + s,. 
Butby I. (n+r)(H,-p,H,.+p,H,-2...+ (—1)"p,) = 9. 
Subtracting, we get 
H,_.p, — 2H,_.p. + 3H,_gp3... + (- L)"(r - 1)Hp,_, - (- 1)’rp, =, 
which is the type-formula of IT. 

To prove formulae III, we multiply both sides of the identity 
in Lemma (iv) by (1 + H,w +H, +...+H,,””). and making use of 
Lemmas (1) and (ili) we get 
(L+a"OR,,,){2 + (n+ 1)Hyx + (n+ 2)H,2? + ... 

oe +(n+m)H, 2” + 0"t'R,,'} 
=(n+s,e+ 5° +...+8,0"+0"R,,”")(1+ Hx +...+H,,2”). 

Equating coefficients of x” we get 

(n+r)H,=nH,+s,H,,+s,H,».+...+s,,H, +8, 


which at once reduces to the typical formula in IIT. 
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On Certain Formulae connected with the Function 
(cosna — cosn@)/(cosa — cos@). 


By D. G. Taytor, M.A. 


(fecewed Ist January 1914. Read 13th March 1914). 


$1. This paper deals with certain formulae which, though 
probably not all new, have not appeared in the text-books. They 
were suggested to the writer while engaged in discussing the 
expression for the intensity of the transmitted beam in the 
Lummer-Gehrcke Interference Spectroscope, viz. 


1 — 2p"cosn@ + p*” 


= 
1—2p cos 6 +p’ 


where p is the square of the reflexion-coefficient, which in practice 
falls not far short of unity, 2” is the number of internal] reflexions, 
and @ is the phase-difference of successive elementary beams.* 
If we put k=log, p, we have 


_,chnk — cosné 
chk —cos6 ’ 


which at once suggests the function in the title. 


ve 


The function J has a very high maximum value for 6 = 0, 27, ..., 
yielding sharp bright bands with feebly luminous interspaces ; and 
the sharpness of the bands is measured by the value of d’J/d6° for 
these values of 6. The most useful formula, obtained by direct 
differentiation, is 
Oe ade ana 

a6" /9 0 (1—p)* . 


and the limit of this expression for p > 1 is —in*(n’-1). 
*See Dr E. Gehrcke, Die Anwendung der Interferenzen in der Spectro- 


skopie und Metrologie, (Braunschweig, 1906), p. 69. I have modified the 
notation, The subject was brought to my notice by Prof. A. L. Selby. 
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The following specimen values were obtained by this method : + 




















n p (25 /d8")»_o : 
15 8 535 
15 883 1649 
15 9 2097 
15 1-0 8400 
20 383 | 3070 
20 10 =| 26600 


But it is clear that J could be differentiated or integrated any 
number of times if it were expressed as a finite Fourier series, in 
cosines of multiples of @. 


§2. The expression 
cosna — cosnd 
cosa — cos@ 
can be written 


(i) as a product of (nm — 1) factors each linear in cos@, thus: 


cosna - cosn@ n-1 Qrar 
a Ee AN ei Se a ee ==) ; 
cosa — cosé eat n 


(cf. Hobson, Plane Trrig., § 188) ; 


(ii) as a finite series of powers of cos@, up to the (n—1)™; to be 
obtained by multiplying out the factors above, or from the 
relation (ibid. § 78) 

n(n — 3) 


2cosn6 = (2cos@)” — 77 (2cos6)"- ae 


(2cos@)"... ; 


(iii) in the form we propose to consider, as a linear function of 
cosines of multiples of 6, up to the (n —- 1)". 


t n=15, p= ‘883 are the actual values in a typical case. 
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$3. To find the coefficients wn the identity 


2 n-1 
geese UIs sD otro. 
chk — cos@ > 


On multiplying up we have 
each. Gat a, ,= 0, (aD, (90— 1) vorevneca ses (2) 
ee es SONIC. gy A wie we oc Meee daw saci os vs nrene ces (3) 
from (2), putting p=e’, 
a, = Ap” + Bp”, 
where A, B are independent of 7; and from (3), 


2p” . A pes Py ae 





i ote 
whence 
2(p""—p-"*") Ash(n—r)k 
Sit 5 SET: a 
and 


chnk —cosn@ — shnk ee 3 
sc ahh Sesh = 
We may note that & is positive or negative according as p is 
greater or less than unity. 


~1 
2 sh (n—r)keosr@. ...... .s000- (4) 


$4. From (4) we at once deduce 




















cosna —cosnO sinna nh ja So 
=— — > sin(n—-r)acosré, 
cosa — cosé sinw sinw r=1 
sinn@ ch So 
=— s sin(7 —1)Ocosra 5 ..........08- (5) 
sin8 sin? += 


chnk—chnu = shnk ys Bae 
Pam hk ee 





= ee + ~ sy Shit 1 — BUCK cnt asc veces ans (6) 
— n-1 
es = n +2 > (n—r)oosr6, 


1 n-1 
_sinn? 2 pL heen?) sete ts cy ees cces ins (7) 


sind gsin9 r=1 
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l—chnu n-1 
Peaeapars = ” + 2 i (n _ r)chru, 
% BUTE oy } ova 
hii serous 2 BALM —T)W 5s .cerecesncenonses jsveatae ( ) | 


chnk — cosnO shnk ss 2 
chk —-cosO  shk — shk 


sinn@ 2 








i sh(n — r)kcosr 86, 





Ss 2 sin(n - r)Ochrk sete reer eer ceeceeees (9) 


sind sind + 


$5. Replacing 6 by 6+7, re U by u+im, we have 


cosna — ( — )"cosné _Sinna | Sa (yan — rieeeeeeh 


























cosa + cos sinn sina r= 
= ee 2: a )’cos(n — r)asinré Ss Mea .-. (Om 
ek Cfolon_ 23 ahem 
y) (— )"shnu . 
maerR ee 0) ’ch(n — r)kshru — Sh ee (6’) 
ata Pease =n+2 bs: (-)"(n—1r)cosr@, 
-— a. Ss (ss ysinrg - (—Weiane ae (7') 
armen oe 3s (-)"(n—r)chru, 
_—= By (= yahry ene Pel (8’) 
nites at =r ae S bea eikn ge 


: se \’ch(n - r)ksinré - = ales 








~ sin@ ro1 sin@ 
Similarly, by substituting $r+0, dr-a, dirtu, dim—k for 
0, «, u, k respectively, a large variety of formulae can be deduced, 
proceeding on the right by alternate sines and cosines of multiples 
of @ (or alternate hyperbolic sines and cosines of multiples of w), 
and having for denominators on the left such quantities as 
cosa + sind, sinn+sin#, chk +shu, shk + shu, 
l+sin@, l+shu, chk t+sin0, shk+sin0, sinw + shu. 
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§6. We have (cf. Hobson, §74, ex. 1). 


sinna 





= = 2 ~ LEA ee  cete: 1 
an 2cos(n — 1)x+ 2cos(r — 3)a+..., (10) 


where, however, if 7 is odd, the final term is wnity. Also 


ia. 
ee ye ya( O74 — 2) 2eos(2m = Ajo... 4 (1) 


COS 

—1)""+cos2n 
Pisses eels O80 = 2cos(2n — 1)a — 2cos(2n — 3)a... +(— )"*2cose., 

COS 

sin2n : ‘ 
stil 2sin(2n — 1)a — 2sin(2n — 3)a..., 

Cosa 
1 —cos2na , ; 
—.——_ = 2sin(2n — 1)o. + 2sin(2n — 3)o..., 

sinw 


with similar results in hyperbolics. Applying (10) to the co- 
efficients in (5), we obtain an expansion of our function which is 
linear in the cosines of multiples of «, and also in those of 6; in 
fact, a finite double Fourier serves, thus : 


cosna — cosn@ 





= 4>’cosracossé + 2>) (costa + costO) +6, cs... (11) 
COS — COS m8 ; 


the summations extending to all positive integral non-zero values 
of r,s, ¢ for which n-r—s, »—¢ are odd positive integers, and c 
being zero or unity according as m is even or odd. Thus eg. 


(cos5a — cos5@)/(cosx — cos@) 
= 4(cos8acos@ + cos2acos26 + cosacos3é@ + cosacosé@) 
+ 2(cos4a + cos46 + cos2a + cos26) + 1. 


Similar results will follow for the other formulae of §§4, 5. 
And while the formulae of these articles are suitable for repeated 
differentiation and integration with regard to one or other of the 
symbols involved, those of the form (11) will admit of these processes 
being applied with respect to both variables. 


$7. Repeated Differentiations.— Expansions. 


By (10), 
(Oe <a(——)} n ‘ 
Wnt ber 2m» COSEMT, 


where Nm = (2 —-1)"4+(n-—3)"4+ 
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the last term being 1” or 2” according as m is even or odd; hence 


sinn wo 
= nt+2 > (-)"ton 
m=1 


2m 


(2m)! 





sinw 
Similarly let 
Nm =(n-—1)"—(n- 3)" 4+... 5 
then when n is even, 
(- 4 cosna oO es ise 
7 Tyedeai what \eikeaidlimea re 
c’ being zero or 2 according as $n is even or odd; and when n is 


odd, 


2m 
































COSMO i oe 
=1+2 — "0" om 
Sagi oe te a aes (2m)! 
By (7), 
i (- pe )} = 2A, mCOSsmr 
ere 1 + cos@ ad #25 nae ee 
n-1 
where On m= 2 (m—1)r™ ; 
1 — cosné © te 
——— =n? +2 > (- )"Q, om—— - 
Sia Tie cosh ae ny | yan, (2m) ! 
By (9), 
d™ /chnk — cosn6 2coskmr %=1 
pe ee Se a Res gat a ee ,* m eS k : 
a chk — cos0 Wee shk Pa reas 
let us put 
n ee, r™sh(n ad r\k a n—1 o ates —po,t, 
k,, i — Stat Mea fo a a ae 
and 
chnk — 1 Lami he . 
Kin, 0 a chk met eee) ’ P =6€ 5 
then 
chnk — cosn@ ca as 
a 2 > —)™ Den = nt eae 
chk - cos0 Bn, 0+ ra (— J", (2m) ! 
$8. Integration. 
(i) From the formulae of §6 we have 
sinn6d@ 2sin(n-1)6  Asin(n — 3)0 
a ——— + + +... 406, 
iF sind n-1 n—-3 


c being zero or unity according as 7 is even or odd ; 
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7: ( a 6, 








f cos(2n —1)0d0 2sin(2n-2)0 2sin(2n— 44 
0 cos0 “ Drie 2 2n — 4 a 














.+(—)”"72sin8 


I. (- 1)"7* + cos2n0 1) t+ cos2nd 14 _ 2sin(2n — 1)0 2sin(2n — 3)0 
CSS ae 2n—1 2n-3 





| sin2n6d@ == 2cos(2n-1)0 2cos(2n — 3)6 
hr cosO 2n—-1 aa. eile 














| 1 — cos2né 9 _ 2cos(2n—1)@  2cos(2n — 3)0 
kr sind 2n-1 2n- 3 


From these we obtain 














adh 


fi sin2n6d6 _ 0 ie sin(2n — 1) 0dé 


0 sind 0 sind 











a A oc 
= 97 ; 





oo] 


30 sin2nOd0 z 2(1 5 
0 sind 


ial) ges 


+2...+ " 
OL Jes sin0 











ie cos(2n — 1)0d6 


0 coso 


=(- or 


ip cos(27 — 1)6d6 _ oe 


0 cos0 


n—1 n—1 
[" (-) Pia) FLO LN ee i — )"1 + cos2n6 16 
0 


cos0 cos0 





1 
=(-) a(L+ht.. +5); 


a sin2n6d0 -|° sin2n0d6 _ , 1 1 
cosO = s JA ~— cos =(5, Sepik ) 























= 9 1 — 
(ae cos nO 19 _ — SE) (143 fat 1 ) 


sin6@ rik 


(ii) From (5), (7), (9) we have 











cosna — cosné sinno n-1 Ysin(n — r)xsinrd 
Ae ee elas oe Eee 
cosa — cosé sina maT rsino 





Be 9 se —"sinrd, 
. ‘1 — cos0 


chk — cos6 Ae shk oat 2 rshk 3 











| chnk -- cosn@ shnk , =) Qsh(n—r)ksinré | 
0 


56 








hence 
T cosna — cosnd TSINNH 
9 cosx—cos?  —_ sina ’ 
™ 1—cosn0 
—— d0 = nz, 
9 1l-—cosé 








9 chk -cosé shk 
In the last write p =e", and obtain 


[" 1 — 2p"cosné + p™” pn — | 





IE chnk — cosné ashnk 


dd = 7———_. , 
9 Ll -2pcosé +p? ee | 





where p may have any real value. 
(iii) Again from (5), (7), (9), on multiplying throughout by 
cosr@ and integrating from 0 to =z, as in finding the coefficients of a 
Fourier series, we have 
™ (cosna—cosné)cosréd0 = rsin(n — r)a 
| 0 cosa — cosd z sina 








p) 


=(n—-1r)z, 


———ee 


0 1 — cos 











ig (chnk —cosn@)cosrOd6 — ash(n—r)k | 
ih chk — cos chi tne : 


and with p as before, 





w (1 —2p"cosné + p™)cosr6d@ x pp" — yp" es eas.) 
i —, — 1 Ge 
Ip 1 — 2pcos@ + p” p pl P p -1 


(iv) The integral 





cosn dé 
i “cosa — cos 6 
is improper if the range of integration includes « (or more 
generally 2r7+«) ; but we can write 
t™ cosnOdé dé ™ chnk - cosné 
Ip shietcces ae _ fe chk —cos6 — 9 chk —cosé 
Now the first integral on the right is essentially positive, hence 
achnk 
shk 
Let & be positive, then p=e*>1, and we have 
™ cosn6d@ me” 
{} ag pay sattisesenesensscasssnacclonasnioen nam (12) 











, according as & is positive or negative. 





its value is + 
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whence 








i ™  cosnédé ™p" 


=——.. 1). 
o1—2pcos0+p? p?-1 Wide? 


If we put g=p-'=e*<1, we shall have 


7 cosnOdé Q” 
Hah al ~.(0<q<1l). 
_ 


0 1-2qcos0+q? 1- 








(cf. Bromwich, Infinite Series, p. 167). 
Now writing chk=secf, so that shk=tanf, and 
; + tan3f 














p=e*=secP + tanp = ania! (0<B<4n), 
we have from (12) 
™  cosnOdé a Aer, 
ayy i rae Sila Lae a Ae Seg ee Ses Pe 628 3 
ip 1—cosBcos@  sinf 5 =D) t= tangp (13) 


The companion formula 


wT cosn6deé by! (- Nicer (; ae i ie 
ip 1 + cosBcosé “7 sin rt iy; aiotevavotetere (eta lovsiatsistenaict er efoustounterste s 6esi6 6 ) 


may be obtained from (13) either by changing @ into 7-96, or 
f into z-f. The formula (13) is a good example of a discontinuous 
function. The integral becomes improper when f takes the value 
0 or z, and therefore, as a function of f, is discontinuous at those 
values. Thus it is inadmissible to change B into —f or into 
z+, though it is allowable to change it into 7 — f. 
Another form is obtained by putting cosf =e, 
™ cosnédé T { te 
(, Tyecosd. f(l-e) 1+ Je) 











n 


(v) Finally from (ii), 
7 | T Cosna — cosnO 


0 cose — cos 


dod#@=0 or 7° 








~ 0 


according as m is even or odd, while 
—— - cosv$)cosr«cos s6do.d6 : 
$$ —_—_—_ - 0 or 
cosa — cosd 


wee as m—r-—s is even or odd. 
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Concurrency of lines joining vertices of a triangle to 
opposite vertices of triangles on its sides. 


By A. G. Buresss, M.A., F.R.S.E. 


(Read 13th February 1914. Received 10th April 1914). 


(1). Let ABC be the given triangle; A’BC, B’'CA, C’BA 
triangles described externally on its sides, and let the angles of 
these triangles be A’BC=p,, A’CB=y,, BAC=A, BCA=y, 
GAB=A, CBhA=4. (View 1), 
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. i B 
Using normal coordinates, then for AA’, 12 = eae vel : + pa) 
# y  siny,/sin(C + v,) 





.. the lines AA’, BB’, CC’ are concurrent if 

sinp,/sin(B+p,) — siny, /sin(C +v,)  sind,/sin(A + A3) © 

sinv,/sin(C+7,) © sinA,/sin(A+A,) — sin;/sin(B + ps) 
6g. 1 p= A,=90 —-C, 4 =A, =90-—B, y.=p,=90-A, 

B _sin(90 —C)/sin(B+90—C) _ secB 

y sin(90—B)/sin(C+90-—B) secC’ 
and the lines are concurrent at the orthocentre secA : secB: secO. 
(The points A’, B’, C’ are the points in which the altitudes inter- 
sect the circumcircle of AABC). 








(2). If the angles at the vertices be interchanged, ¢.g. p, and ps, 
then AA’, BB’, CC’ are concurrent if 


sinp;/sin(B+p;)  siny,/sin(C+¥,) — sindA,/sin(A + A») _ 








sinv,/sin(C +.) ° sind,/sin(A+A,) ° sinp,/sin(B+p,) —’ 
which is the same condition as in (1). Hence if the lines are 
concurrent, they are concurrent when the angles are interchanged, 
e.g. interchanging the angles of example in (1), so that 
A'BC=90- A, A’CB=90-A, etc., then 

B  sin(90— A)/sin(B+90- A) cos(O— A) 

‘y sin(90— A)/sin(O+90— A) cos(A—B)’ 
and the point of concurrence is cos(B — C) : cos(C — A) : cos(A — B), 
A’, B’, C’ being the images of the circumcentre in the sides. 





(3). If C’BA’, etc., are straight lines, so that pu, +“; = 180 — B, 
etc., and the lines be concurrent, then if the angles be inter- 
changed as in (2), the two points of concurrence are isogonals. 

Pee 1 yg — A — DAS =p, = Cy, the. point’ of cont 
currence is the Lemoine point sinA:sinB:sinC, the points 
A’, B’, C’ being the points in which perpendiculars from the circum- 
centre O on the sides of the triangle meet the circles round 
OBC, OCA, OAB. 

Interchanging the angles, so that p,=’,=C, v,=A,;=B, 
Vv. =p, = A, the point of concurrence is the centroid 

cosecA : cosecB : cosecC, 
the isogonal to the Lemoine point. The lines AA’, BB’, CC’ are 
bisected by the sides of the triangle. 
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(4). If psy =AtO, v= A=B+O, p= A, =C+LG; 
er B _sin(A +9) /sin(B+ A+ Q) _ sin(B¥ 8) 
y sin(A+6)/sin(O+A+0) sin(C #8) ’ 
and the lines are concurrent at the point 
sin(A + @) : sin(B ¥ @): sin(C F 4). 
This point lies on the line joining the Lemoine point sinA:sinB : sinC 
to the circumcentre cosA : cosB : cosC, for =sin( A ¥ @)sin(B — C) = 0. 

e.g. If 6=0, the point is the Lemoine point, and if 0=60°, the 
points are sin(A #60) : sin(B¥60) : sin(C #60), the two Iso- 
dynamic points. 

(5). If all six angles = 6, the point of concurrence is 
cosec(A + 4) : cosec(B + @) : cosec(C + 6), the isogona] to the point 
derived in (4) by making p,=v,=A-— 4, ete. 

e.g. If 6=60°, the point is the Inner Isogonic point, the 
isogonal of one of the Isodynamic points. 

(6). If 4 ==, Y=v,=v,; =A, =A, the lines AA’, BBY CO 
are always concurrent, the point being 

sind sin. sinv 
sin(A+X) * sin(B+p) ° sin(C+y) ° 

eg. If X=90-A, p=90-B, v=90-C, the point of con- 
currence is the circumcentre cosA : cosB: cosC, A’, B’, C’ lying on 
the circumcircle of AABC. 

If A=90-C, »=90-—A, v=90-B, the point is 

cosC cosA cosB 
cos(C — A) mye cos(A — B) ° cos(B—C) 

(7). If P bea point within AABC, and if AP, BP, CP be 
produced to meet the circumcircles of As BPC, CPA, APB in 
A’, B, Cy jn =Ps V1=VYe, 4,=A,, and if these angles be A, p, », 
A+p+v=180°, and the 2s BPC, CPA, APB in AVBaG 
fy = Psy Vy = Voy Ap= Az, and if these angles be A, p, vy, A+ p~+v=180", 
and the 2s BPC, CPA, APB are 180—-A, 180-yp, 180-y, for 
A’BC = A’/PC=C’PA=C’BA, etc., and BA’C=CPB=CAB=A, 
etc., and BPC = 180 — J, ete. 


Rope thi reson p= jou ; y= 90-5, 











the point P is the 


incentre 1:1:1, and the 2s at Pare 90+ Es etc., A’, B’, C’ being 
the three excentres of AABC. 
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If AX=A, »=B, v=C, the point is the orthocentre. 


(8). If the lines C’B, B’C be produced to meet in A”, A’C, C’A 
in B”’, A’B, B’A in OC”, and AA’ BB’, CC’ be concurrent, then 
AA”, BB”, CC” are concurrent, for the condition for concurrence 
is 

sin(B+ps)/sinu, sin(C+y,)/siny, sin(A + A,)/sind, 

sin(C + v.)/sinv, sin(A + Aj;)/sind; sin(B + p.)/sinp, > 
the same condition as in (1); the point of concurrence is the 
isogonal to the point got by interchanging the angles p, and p,, etc., 
as in (2). 

eg. If asin (1) p,»=rA,=90- CO, v, =A, =90 — B, »» =p, =90- A, 
the point of concurrence is sec(B — C): sec(C — A): sec(A — B), the 
isogonal to the point cos(B-—C):cos(C — A):cos(A—B) derived 
in (2) by interchanging the angles. 


(9). If A’B’C’ be regarded as the original triangle with triangles 
C’BA’, A’CB’, B’AC’ described on the sides, then if the lines 
AA’, BB’, CC’ are concurrent, B’B”, C’C’, A’A” are concurrent, the 
points A”, B’, C” being the points derived as in (8). 


(HON li 2, = fs =, Sete... the point of concurrence of 
AA", BB”, CC” is 
sin(A+A) sin(B+p) sin(C +) 
sind = sinw =—ssinv 
and the lines AA”, BB”, CC” are the isogonals of AA’, BB’, CC’. 
eg. If AX=C, w= A, v=B, AA’, BB’, CC’ meet in 
sinC sinA — sinB i to nbs ein — sirA 
sinB “ sinC ‘ sinA Sgt nip Nie 2S sinC ‘ sinA ° sinB’ 
the two Brocard points. 
If \=p=v=80, AA’, BB’, CC’ meet in cosec(A + 6) : cosec(B + 6) 
: cosec(C + 6) and AA”, BB”, CC’ in sin(A + @): sin(B + @):sin(C + 6), 
the same point as was derived in (4) by making p,=v,= A — @, ete. 
(11). Ti A+p+v=180°, and AA”, BB", CC” meet in P, 
BP’CA”, etc., are concyclic, for BP’C=A + A, and BA”C=180 - A—A. 
Again, BAB’=A+A and BA”B' = BA"C = 180-A-A, 
.. BAB’A” and the other five sets of corresponding points are 
concyclic. 
eg. If \X=p=v=60", P’ is the isogonal of the Inner Isogonic 
point and BP’C=A +60. 
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(12). If the triangles BA’C, CB’A, AC’B be described in- 
ternally on the sides, AA’, BB’, CC’ are concurrent if 
siny,/sin(B—p,) sinv,/sin(C —v,) sind,/sin(A — A) _ 1 
sinv,/sin(C — v,) ‘ sind,/sin(A - A,)° sing,/sin(B—p;)  ~ 
As in the case of the external triangles, the lines are con- 
current if w, and p, etc., be interchanged, and if p,=p,=4p, 
¥)=V,=v, 4,=A;=A, the lines are always concurrent, the point 
being 
sind sinp. sinv 


sin(A—A) © sin(B-—p) sin(C — v) © 








Fig. 2. 


eg. If p=p,=90-A, v,=v,=90-—B, A,=A,=90-—CO, the 
cosC cosA cosB 
cosB’ cosC ‘ cosA’ 
If A+p+v=180, then as in the case of the external triangles, 


A'BPO, etc., are concyclic points, the angles between the lines 
AP, BP, CP being A, p, v. 


e.g. If \=u=v=60", the point is 


cosec(A — 60) : cosec(B — 60) : cosec(C — 60), 
the Outer Isogonic point. 


point of concurrence is 
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(13). If CB’, BC’ be produced to meet in A”, etc., then if 
AA’, BB’, CC’ be concurrent, so are AA”, BB”, CC”, and the point 
of concurrence is the isogonal of the point got by interchanging 
the angles p, and p,, etc., just as in the case of the external 
mentioned in (8). A’A”, B’B”, C’C” are also concurrent as in (9). 

B C 


eg. If p=p,= =; ae 2 toler 


A 
3 A, =A; = =n AA’, BB’, CC’ meet 


B 
in the point secs 1800 1 S00-— and AA”, BB”, CC” in the point 


cos ; cosy cos The first point with reference to triangle 
A’B’C’ can be shown to be 

sin(60—A/3) sin(60-B/3) _ sin(60 —-C/8) 

sin(60 + A/3) ~ sin(60+B/3) ° sin(60+€C/3) 

e.g. If all six angles equal the Brocard angle w (Fig. 2), AA’, BB, 
CO’ meet in the point cosec(A — w) : cosec(B — w) : cosec(C — w), and 
AA”, BB”, CO” in the isogonal point sin(A — ):sin(B — w):sinC — o), 
a point lying on the line joining the Lemoine point to the circum- 
centre. The points A’, B’, C’ and A”, B”, C” form the Brocard 
triangles. 
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(14). Tf (Fig.3)) m=p=p, Y= v,=, A.=A,=A, Sane 
A+p+v=180°, and AA’, BB’, CC’ meet in P, and AA”, BB”, CC” 
in P’, then as in case of the external triangles mentioned in (10), 
the following sets of four points are concyclic, BP’CA”, CP’AB”’, 
AP’BC", CAC’A”, CBO’B”, ABA’B”’, ACA'C"””, BCB’C’, BABA 

eg. If \X=p=v=60, P’ is sin(A — 60): sin(B — 60) : sin(O — 60), 
one of the Isodynamic points ; see (4). | 
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On the continued fractions which represent the functions 
of Hermite and other functions defined by differential 
equations. 


By Professor E. T. Wuirraker, F.R.S. 


(Read and Received 9th January 1914). 


$1. Jntroduction. 


The functions of Hermite, which are the same as the functions 
associated with the parabolic cylinder in harmonic analysis, may be 
defined* by the differential equation which they satisfy, namely, 

d*y 
2 
where » denotes any constant. 





se Peo AR Um). veg bewades ces edts oa evinces (1) 


The standard solution of the equation, which is denoted by 
D,,(z), may be represented by the asymptotic expansion 
‘: aire| n(n-—1) n(n—1)(n—- 2)(n—- 3) \ 
D,(2) =e z ete a ral ph ; 
and a second independent solution of the differential equation is 
D_,_,(iz), so that the complete solution is of the form 


y =aD,(z) + bD_,_,(22) 
where a and 0 are arbitrary constants. 


In $2 of the present paper it is shown that each of these 
solutions D,(z) and D_,_,(2z) can be calculated by means of a 
continued fraction. In $3 it is shown that the two continued 


* Cf. Hermite, Comptes Rendus 58 (1864), pp. 93, 266. 
Whittaker, Proc. Lond. Math. Soc. 35 (1903), p. 417. 
Myller-Lebedeff, Math. Ann. 64 (1907), p. 388. 
Watson, Proc. Lond. Math. Soc. (2) 8 (1910), p. 393. 
Curzon, Proc, Lond. Math. Soc. (2) 12 (1912), p. 236, 
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fractions thus introduced bear to each other a relation similar to 
that between the two C.F.’s which represent the roots of a quad- 
ratic equation. In §4 it is shown that there exist four other 
continued fractions connected with the Hermite functions, and 
that these are suited for calculation when z is small, the former 
C.F.’s being suited for calculation when z is large. In §5 it is 
shown that other properties of the Hermite functions can be 
derived readily from the continued fractions. In § 6 it is explained 
why the C.F.’s represent certain particular solutions of the differ- 
ential equation rather than others: and finally, in $7 the results 
are extended to a much more general class of functions, which are 
defined by linear differential equations of the second order, and 
include many of the functions required in the applications of 
analysis. 


$2. Two continued fractions associated with the Hermite 
Junctions. 


In the differential equation (1) write 
_ 422 
ET fake 
it becomes 
wu’ —zu'+nu=0. 

Differentiating this, we obtain 
wu” — zu" +(n—1)u'=0. 
Differentiating again, we obtain 


weet 


we" — gu” + (nm — 2)u' =0, 


and so on; this series of recurrence-equations at once gives formally 
the continued fraction 











If, on the other hand, we integrate the differential equation 
instead of differentiating it, we have (denoting | ude by m, 
[rade by w,, etc.) 


w —zu+(n+1)u,=0, 
U—2U,+(n+ 2)u,=0, 





: 
we 
7 
ye 
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and so on; this series of recurrence-equations gives formally the 
continued fraction 


vi ee eae) eo 
wae ee eR ee (B) 


z— z— Z— 








This method of solving differential equations is due to Euler. 
Its subsequent neglect is not easily explicable, for its simplicity 
and directness are very attractive; the methods of solution by 
power-series and by definite integrals appear forced and artificial 
in comparison. | 

The question now is, which of the recognised solutions of the 
differential equation in power-series correspond to the continued 
fractions (A) and (B). This question is settled by applying the 
usual method of converting continued fractions into series; we 
thus obtain from (A) 


Speed yr tae at Ce LC a ee (A’) 
ub 2 z % 
while from (B) we obtain 
oh ASE, a aera (B’) 


Integrating, we obtain from (A’) 


u=2"{1- a pnt de ei ok (A”) 


while from (B’) we obtain 


5) 
aa gy AACS + sth AA Eee 


_ Comparing (A”) and (B”) with equation (2), we see that (A) may 
be written 


while (B”) may be written 


a2 
i CORRAL Oe Ona (B’"”) 


We see therefore that the two continued fractions (A) and (B), 
which are associated with the differential equation (1) correspond 
respectively to the two independent solutions D,(z) and D_,_,(iz). 
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These continued fractions are well suited to numerical com- 
putation when z is large, and can be used for this purpose 
directly, without the reduction to series-form and the subsequent 
integration. ‘They have, moreover, the advantage over series that 
the approximation is more rapid—-a well-known property of 
continued fractions, depending ultimately on the fact that in a 
C.F. both the numerators and the denominators of the convergents 
are helping on the approximation, whereas a series is (so to speak) 
all numerator, and so is deprived of the assistance which might 
be afforded by a denominator ; for this reason a C.F. convergent 
which includes only the n™ power of a variable in its numerator 
and denominator will generally give as good an approximation as a 
series which is continued as far as the terms involving the 2n™ 
power of the variable. In our case the continued fraction (A) 
truncated at its third term 








ne 2 = @ 


is equivalent to a series carried as far as the term in 1/z*. 


$3. Analogy with the solution of a quadratic equation. 


The above result presents an analogy with the solution of an 
ordinary quadratic equation by continued fractions; if, for 
example, we consider the equation 

xe’ — 30+2=0, 
we can derive from it the two continued fractions 


ot Se ee 2 2 

w=3-3_3-3 ++ 
3 2 2 

and e=F_ $F$ _3_... 


of which the first has the value 2 and the second has the value 1 ; 
and these are the two roots of the quadratic. The resemblance 
with the work above becomes evident if we reflect that these are 
precisely the two C.F.’s which we should obtain if we were to solve 
the differential equation 
ay 3 
dz dz 





by the method of § 2. 


$4. Four other continued fractions associated with the Hermite 
Junctions. 

The expansion (2) for the function D,(z) is an asymptotic 
expansion proceeding in descending powers of z, and therefore 
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useful for calculation when z is large. If, on the other hand, z is 
not large, we require series which proceed in ascending powers of z. 
It is easy to show that one solution of the differential equation (1) 
is the series 


Rayaue* {1- s+ esas ome | Bes Bee saree Re (3) 
or B(2) = 68 {1- a op wh eeee(t) 


and another solution is 








- 32 ns] Mai let— 3s : 

O,,(2) =e {#- 31 Zio eeeeren ate 4 oc akane © (d) 
ries fh ea yaa am se Pie | 

= a 3! a+ 5! ee ee ee (6) 


The standard solution D,(z) may be expressed in terms of these by 


the equation 
n a oe i 


rae =(-8) O,,(2). 
oar (3 
We shall now find continued fractions which correspond to the 


solutions E,,(z) and O,,(z). 
If in (1) we write 





D,,(2) = 


io et) Ale, 
the equation becomes 
au 
4a ie + (— 20-42) + mas = 0, 
and obtaining a continued fraction by successive differentiation of 
this equation, we have 
wu’ n A(n-—2)e A(n-—4)c - (C) 
u oes on — = 260 is 6 sk Qa om 10 a So) 8) 6 6 10). C6) 0) e068 8. © 
if, on the other hand, we ates a continued fraction by successive 
integration of the same equation, it is found to be 
gee Be erent use 2)e (n+4)x 
U d+4- 94+4- 
Again, if in (i) we write z=, y= we", the equation becomes 














2 


oe 
har 2 + (204+ 2) +(n+1)w=0. 





By successive rece a of this equation we obtain the con- 
tinued fraction 

m+1 4(n+3)0 4(n+5)e 
Sa? ob = 2110 





$|& 
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while by successive integration of the equation we obtain 

n-l)e (n—-3)x 

wale fe @) 
— 4 _— 


2x =l-x- neuen 

It may easily be shown by the methods of § 2 that the continued 
fractions (C), (D), (E), (F) correspond respectively to the serves 
(3), (4), (5), (6); thus whether z be large or small, the computation 
of the parabolic-cylinder functions can be performed by means of 
continued fractions. 

Taking as an example n=3, z=}, the continued fraction (C) 
furnishes the value of w’/w correctly to the first, second, third, or 
fourth place of decimals according as the first, second, third, or 
fourth convergent is used. Mr A. Milne has kindly calculated for 
me the following table: 














; Heke noe 
; u dx u dz 
0 — 0:2500 - 0-000 . 
O-1 — 0:2513 — 0:0503 
0:2 | — 0°2551 — 0:1020 
0:3 | —0:2617 na 0:1570 
O-4 — 0:2714 —0:2171 
On a — 0:2847 ~ 0°2847 
0-6 — 0°3025 — 03630 
Ub] — 0°3260 — 0°4564 
dance _ 03569 — 0°5710 
0-9 — 0:°3983 — 0:7169 
1-0 | — 0:4548 — 0:9097 
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u 
a computed from the 


continued fraction (C) ; and the third column gives the corresponding 


The second column gives the value of “= : 


1 d ee ae at ; 
value of ——, which is obtained by multiplying the number in 
the second column by 2z. From this we can derive Alogu, then 


logu, and finally wu itself, if this be the form in which the function 
is required. 


§5. Deduction of the recurrence-formulae for the Hermite 
Junctions. | 


It is easy to deduce from the continued fractions the 
characteristic properties of the Hermite functions. For example, 
we see at once that the continued fraction 


n-l n-2 n-38 











a ae a ae 
, ’? 
U n-1 n 


U 
and ——, where w,_, denotes the same 


n—l Un 





represents both 


function of the parameter (n-—1) that uw, is of n; and therefore 
we must have 





Uy U n—l1 
/ 
Un Uni 
or Un. a Cu, 1 


where C is independent of z. Making z very large in (A”), we 
see that the constant C has the value 2; so we have 
Un. a NU, 1) 
which can be written 
adD,,(2) 


ol O ES Nees ie 
le + 42 D,(2) — D,_,(2) = 0. 


This is one of the recurrence-formulae satisfied by the Hermite 
function D,,(2). 


§6. The selection of particular solutions from the general 
solution, in the continued-fraction method. 


We are naturally led to enquire how the method of solving a 
differential equation by a continued fraction leads in every case to 
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some particular solution of the equation instead of to the general 
solution; for it does not at first sight seem evident where the 
restriction to particularity is introduced in the process of solution. 


To discuss this question, let us consider a simple equation such 
as 





and suppose the process of solution arrested at the r“ step, so that 
we obtain the finite continued fraction 

yl") 
Ty! : 
This continued fraction represents y'/y if y is any solution whatever 
of the equation ; so that if for y”*”/y” in the final quotient we 
substitute the value 1 (corresponding to the solution y = e*), we get 
the value 1 for the entire continued fraction ; and if for y’t”/y” 
we substitute the value 2 (corresponding to the solution y=e™), 
we get the value 2 for the entire continued fraction. The question 
now arises, what value has the entire C.F. when we assign to 
y"*)/y in the final quotient a value which is neither 1 nor 2. To 
determine this, first take y'"*”/y” = 1+, where « is supposed small, 
so that its square can be neglected, then the entire continued 
fraction has the value 1+2~e; so that if to the last quotient we 
assign a value near to unity, the entire C.F. will have a value 
nearer still to unity. On the other hand, if we take y'"*)/y =2+.e, 
where ¢ is small, then the entire C.F. has the value 2+ 2’ ; so that 
if to the last quotient we assign a value near to 2, the entire C.F. 
will have a value much more remote from 2. 

The two values.1 and 2 of the entire C.F. may therefore, 
by analogy with the theory of orbits in dynamics, be called the 
stable and unstable values respectively ; and it is in consequence of 
its instability that the value 2 drops out. 


eo] bo 
obo 
oe] to 


2 
= 
ao a 
v 


$7. Hatension of the preceding results to more general functions. 


The functions of Hermite are included* in an extensive class 


* Cf. a paper by the present writer in Bull. Amer. Math. Soc. (2) 10 
(1903), p. 125. 
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of functions denoted by the symbol W,,,,(z); this class of 
functions comprehends also the error-function, the incomplete- 
gamma-function, the logarithm-integral, the cosine-integral, and 
the Bessel functions. 


It will now be shown that the results of $4 can be extended to 
these functions W,, ,,(). 


For these functions satisfy the differential equation 


d°u kK ji-m 


: = +(-}4+=+4 )u=0, ee (7) 








9 
a 


This equation has the solutions 


























Limtk t+m+k.2+m+k 
NS Leta lo) oe ee (8) 
Tees (ME eee Sr 
a aitme-#{1 + 2 ag deals PEELE Rs pa penile dee ee) 
1.2m+1 1.2.2m+1.2m+2 
and 
4{-m-k 4—-m-k.2-m-k 
P(z) =2-™ oat! —# eg 2 274 } 
(#) : gon ied eS lS mh 
enh oy (10) 
Pee (| oem o+ PORE ty Soe ge | 
Nien ee in lel Oe om 4 Dit 2D a 
ae (11) 


and the standard solution W,,,,(z) is expressible in terms of these 
two solutions by the formula 


I'( — 2m) 
Tg-m—# 


T'(2m) 








Wi. 2(2) = M(z) + P(z). 


Now writing u = y2"+%e2?, the differential equation (7) becomes 





a’ + 


By successive differentiation of this, as in $2, we obtain the con- 


tinued fraction 


y kt+m+$ (ktm+3)z (k+m+3)z | 





y alee mn Fo be) om +9 +2 
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Moreover, since the differential equation (7) is unaltered when 
m is changed to - m, another continued fraction (corresponding to 
a second solution of the differential equation) can be obtained by 
changing the sign of m in this ; and since the equation (7) is also 
unaltered when the signs of 4 and z are reversed simultaneously, we 
can obtain two more continued fractions from these by reversing 
the signs of k and z. These C.F.’s correspond respectively to the 
series (8), (9), (10), (11) above. 

Thus we obtain altogether 4 continued fractions associated with 
the function W,,,,(z); these correspond exactly to the 4 C.F.’s 
obtained in $4 for the Hermite functions. By taking special 
values for & and m, we can deduce various continued fractions 
for the error-function, cosine-integral, etc. 
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On the general solution of Mathieu’s equation. 
By Professor E. T. WuirraAksr, F.R.S. 
(Read 12th June 1914. Received Sth July 1914). 


$1. Description of paper. 


The differential equation of Mathieu, or ‘‘ equation of the elliptic 
cylinder functions,” 


dy 

WP 7 4 (a+ 16gcos2z)y = be UA titeats Sade tic es veo (1) 
occurs in many physical and astronomical problems. From the 
general theory of linear differential equations, we learn that its 


solution is of the type 

y= Ad $(z) + Be (x) 
where A and B denote arbitrary constants, p is a constant depending 
on the constants a and q of the differential equation, and ¢(z) 
and ¥(z) are periodic functions of z. For certain values of a and g 
the constant 1 vanishes, and the solution y is thén a purely periodic 
function of z; but in general y is different from Zero. 

While the general character of the solution from the function- 
theory point of view is thus known, its actual analytical determina- 
tion presents great difficulties. The chief impediment is that the 
constant » cannot readily be found in terms of aand g. It was in 
order to determine p that Hill invented the celebrated method 
known by his name, which introduced infinite determinants into 
analysis. But itis much to be desired that » should be found in 
some more manageable form than as a root of a determinant with 
an infinite number of rows and columns. 

It has occurred to me as possible that the difficulty may be 
overcome by introducing another parameter in place of a. This 
suggestion may be illustrated by reference to a well-known feature 
of the theory of elliptic functions. In elliptic f unctions the 
parameter used by the earlier workers was the modulus kK; but 


\ 
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expansions in terms of & are awkward and unmanageable, and it 
was shown by Jacobi that the true parameter of the subject is the 


K’ : 
quantity eap (- =e) : the introduction of this made possible the 


theory of the theta-functions and gq-series, which furnish the most 
satisfactory expansions of elliptic functions. 

In the present paper it; is shown that the solution of Mathieu’s 
equation (1) can be effected by introducing in place of a@ a new 
parameter which will be denoted by ¢. The parameter » whose 
value is required, and the parameter a itself, will be expressed in 
terms of o and the parameter g: so that when a and gq are given 
we can first find o fromm them, and then find » from o and q, and 
ultimately obtain the solution y of the equation, 


$2. The solution. 
As already mentioned, there are certain values of a for which 
the solution of Mathiew’s equation is purely periodic; in particular, if 
a=1+8q—-8q° - 8q°+... 
then the equation (1) has a solution 
y =sinz+qgsindz+q9°(sin3z+4sindz) +95(4sin3<+ 4sindz + = ysin7z) +... ; 
and if 

a=1-8q -89°+8q'+... 
then the equation (1) has a solution 
y = cosz+qco0s3z+q* (—cos3z+4cosdz) +q°(4cos3z- 4cos5z+ 7},c0s72)+... 
The form of these series suggests that they may be degenerate cases 
of a general solution of Mathieu’s equation, having the form 


Mz 


y=e 
where | 
u =sin(z — 7) + @,cos(3z — a) + b,sin(3z — 0) + a,cos(5z - o) 

| + 6,sin(6z —a7) +..., 
where o is a new parameter. The first of the two special solutions 
above would then correspond to «=0, and the second of them 


é ia 
0o=>5- 
It will be observed that there is no term in cos(z—o); this 


really constitutes the definition of o, and the possibility of 
obtaining series which remain convergent for all real values of o 
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depends on our choosing o in this way. The coefficient of 
sin(z-o@) is taken to be unity, which amounts to fixing the 
arbitrary constant by which the solution is multiplied. 

Let us then try to satisfy the differential equation (1) by an 
expression of this form, the parameters » and a being expressed in 
terms of o and q by series proceeding in ascending powers of q, 
thus :— 

= Qk(o) + QA(o) + Qp(o) + 9°V(o) +... 
G=1tgo(o) +7 h(t) +7 y(o) + 7'5(o) + ... 
We shall write 
u=sin(z—o)+qA(z, o)+¢°B(z, 7) + ¢C(z, 7) +... 
where, as we have seen, there are to be no terms in sin(z—©) or 
cos(z—c) in A(z,c), B(z,c), C(z,¢), .... 

Substituting these expansions in the differential equation, we 
obtain 
~sin(z-o)+qgA"+q°B"+q@°C' +... 

+ 2(qx+qrA+qpt...){cos(z-c7)+qA'+q°B'+qC'+...} 
+f{(qkt+Q@rA+Qut...Ptliqatght+ag y+... + 16gcos2z} 
{sin(z-7)+qA+q°B+q°C+...} =0. 

Equating to zero the terms independent of q in this equation, 
we have a mere identity. Equating to zero the terms involving the 
first power of g, we have 

A” +A + 2xcos(z — a) + asin(z —- 7) + 16cos2zsin(z — 7) =0 
or 
A” +A +(2x — 8sin2c)cos(z — 7) + (a — 8cos2c)sin(z — o) 
+ 8sin(3z —a) =0. 

Since A is not to contain any terms in cos(z-—«@) or sin(z-—o), 

this gives at once the three equations 


a = 8cos2a 
k = 4sin2o 
A =sin(3z—-0¢). 


Next equating to zero the terms involving the square of g, we 
have 
B’+B+2kA’ + 2Acos(z — o) + «’sin(z — o)+aA + Psin(z — c) 
+ 16Acos2z=0 
or 
B” + B + 2Acos(z — o) + (16sin?2c + 8 + B)sin(z — c) 
+ 24sin2ccos(3z — 7) + 8cos2esin(3z — a) + 8sin(5z —- 7) = 0, 


Ue 


Applying the conditions that B is not to contain any terms in 
sin(z —o) or cos(z — o), this gives 
Ne) 
= — 16+ 8cos4o 
B = 3sin2ccos(3z - 7) + cos2asin(3z —- a) + $sin(dz —c). 
The coefficients of the higher powers of g in the series can be 
found in the same way. 
We thus obtain the following theorem : 
Mathiew’s equation (1) is satisfied by a function which we 
shall denote by A(z), which can be expressed in the form 
A(z) = eu(z), 
where u (z) 1s a purely periodic function of z, and p is given by the 
power-series in g 
pp = 4qsin2o — 12¢’sin2c — 12q‘sin4do + ... ; 
in this equation o 1s a parameter connected with the parameters 
a and q of the differential equation by the relation 
a=1+8qcos2c + ( — 16+8cos4c)q’ — 89° costa + (25 58 _ 88cos4o)q* + ...; 


and u(z) ts given by the Fourier series 


u(z) = sin(z — 0) + a,cos(3z — a) + 6,sin(3z — 7) + a,cos(5z — o) 
+ b,sin(5z — 0) + a,cos(7z - 7) +... 
where the coefficients are given by the power-series in g 
b,=9¢ + q’cos2c + ( — 44 + 5cos4a)g*® + ( — FAcos2o + Teos6c)g* + ... 
a, = dq°sin2c + 3q*sin4o + ( — 27 4sin2c + Ysin6c)g* + ... 
b,=39°+ s9’cos2c + ( —752 + S2costo)g*+. 
5=ifq’sin2c + S4q‘sin4c + ... 


4 
b, = qyq’* + qg*cos2o +... 


2 


~= 7p s9'sin2 + .. 


eeeeeeeeeeeereee 


Moreover, since a is an even function of o, it is evident that 
a second solution of the equation is obtained by merely changing 
a to —o wim the above formulae: so that the general solution of 
Mathieu's equation (1) ws 
y=AA(z, o, g) + BA(z, - «9, g) 


where A and B are arbitrary constants. 
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When o has either of the special values 0 and ar pf. vanishes 


and one solution of Mathieu’s equation is purely periodic: the 
solution A(z, —o, q) then ceases to be distinct from A(z, o, g), and 
we have the “ logarithmic case ” as with Bessel functions. 

The above series are better adapted for numerical calculation 
than the infinite determinant. 


$3. The general terms of the serves. 

Although for purposes of practical computing it is not a matter 
of much importance to have expressions for the general terms of 
the series, it may be of interest to determine some of them. 

We shall first obtain the constants » and a in a finite form in 
terms of a, and b,. Substitute 

y =e {sin(z — 7) +a,cos(3z — 0) + b,sin(3z — 0) +...} 
in the differential equation (1), and equate to zero the coefficient of 
cos(z —o@) in the equation so obtained : we thus find 
p= 4gsin2oe — 4qa,. 
Similarly equating to zero the coefficient of sin(z-—«o), we have 
a=1+ 8gcos2c — p? — 8qb.. 
Thus » and a are expressed in a finite form in terms of a, and 6,. 

Next we shall show how the coefficients a,,,, and 6,,,, may 
themselves be determined. It is obvious from what has preceded 
that 6,,,; and as,,, will be of the form 

bo, = Ag” + B,q’t'cos2a + (C, + D,cos4a)q’t? +... 

Ay, 4, = K,q”"*'sin2o + L,g’**sin4o + (M,sinzo + N,sin6c)g’** + ... 
where A,, B,, .... K, L, ... are purely numerical coefiicients, 
independent of g and o. 

But if we equate to zero the coefticients of sin{(2r + 1)z-o} in 
the equation last used, we have 

{ —(2r+1)?+ p? + a}by.4) — 2u(2r + 1)ay4, + 8q(bo,1 + bo,43) = 0 
or 
{ ~ 4r(r +1) + 8qcos2o — 89b5} bo,4, — 8g(2r + 1)(sin2o — a3)ao,4, 

+ 89(b2,1 + Don43) = 0 
and similarly by equating to zero the coefficient of cos{(27+1)z-c}, 
we have 
{ —4r(r +1) + 8gcos2o — 89b5} dy,4, + 8g(27 + 1)(sin2a — as)bo,44 

+ 89 (Gop) + Goy43) = 0. 
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These are linear difference equations to determine a,,,, and 
bo4,3 they may evidently be combined into the single linear 
difference-equation 
{ — 4r(r +1) + 8qcos2e — 89d; — 8qi(27 + 1)(sin2o — ag) }%o,44 

+ 8q(%o,_1 + 2,43) = 0 
to determine the complex coefficient 2,.) = bo.4, + % Gop41- 

By aid of these formulae the coefficients which have been 
denoted by A,, B,, ...K,, ... above can be determined : we find for 
instance that 


9r 92r+1 
Oe eee 
"(rt jin!’ ~" (r+1)!(r41)! 
gh Be 1 2 2 2 2 2 1 
roelHijilrel + (robe an ee 


The series in the last equation can, as is well known, be summed 
by means of the logarithmic derivate of the Gamma-Function. 
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On the Quasi-periodic Solutions of Mathieu’s 
Differential Hquation. 


By AnprRew W. Youne, Research Student in the Mathematical 
Laboratory, University of Edinburgh. 


(Read 13th February 1914. Receiwed 10th June 1914). 


Mathieu’s differential equation 


TY 4 (a+ Keos*s)y =0 ise he ae CPE ere sae (1) 
is the equation which arises out of those two-dimensional problems 
in Mathematical Physics in which the boundary is an ellipse, 
such problems, for example, as the vibrations of an _ elliptic 
membrane, which was first discussed by Mathieu,* and the scattering 
of electromagnetic waves by a wire of elliptic cross-section. <A 
different use of the same equation is found in Celestial Mechanics 
in the treatment of perturbations and oscillations about periodic 
orbits,+ and, in a more mundane connection, it has been shown to 
be the differential equation of the variety artiste who holds an 
‘assistant poised on a pole above his head while he himself is 
standing on a spherical ball rolling on the ground! 

The coefiicient a+ ’cos’z is a periodic function of z, and hence 
the equation (1) belongs to the class of differential equations with 
periodic coefficients, a class which has been discussed by Floquet, { 
who gave what may be termed the Fuchsian theory, and, recently, 
by Hamel,$ who has investigated certain properties affecting the 
‘stability ” of the solutions. 


* Mathieu: Liouville’s Journal (2), XIII., p. 187-203, 1868. 

+ Bruns: Ast. Nach. No. 2533, S. 193-204, 1883, and No. 2553, S. 129-132, 
1884. 

+ Floquet: Annales de Ecole Normale Supérieure (2), T. 12, p. 47-88, 
1883. 

§ Hamel: Mathematische Annalen, B. 73, 8. 371-412, 1913. 
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From Floquet’s theory we know that the general solution of 
equation (1) is of the form 


y = Ae™p,(z) + Be~%p,(2) 2.+»«2+0psa.ceeneeee (2) 
where p,(z) and p,(z) are periodic functions having the same period 
as the coefficient of (1), 
c is a constant depending on the constants of the original 
differential equation, 
and A and B are the arbitrary constants of the solution. 
Such a solution as (2) is called quasi-periodic, inasmuch as after 
the lapse of a period it does not repeat itself exactly but contains 
multiplying factors, thus 


y(% + 27) = eT op (x) ene tBas “p.(2). 


When the constants a and & of the original differential equation 
are such that c=0, the above existence theorem fails to give the 
general solution. In this case one solution is purely-periodic, and 
the other solution is related to it in a way analogous to that in 
which, for example, the Bessel’s functions of the first and second 
kinds are connected. These periodic solutions, which in Professor 
Whittaker’s* notation, are written 


C€,(2%), €6,(%), Céo(Z), -.. 
8€,(2), 8€(%), ... 
are infinite in number, and as Hilbert; has shown that they may 
be regarded as the eigenfunktionen (or autofunctions) of a certain 
integral equation, of which the corresponding ezgenwerte (or auto- 
values) are the values of a concerned, we may agree to call these 
solutions eigenfunktionen, and these values of a, eigenwerte of the 
differential equation. 

For values of a other than these ergenwerte the solution is quasi- 
periodic, and it is the main object of this paper to show how these 
quasi-periodic solutions change their nature as a is varied (/ being 
regarded as a constant parameter), and how the quasi-periodicity 


* Whittaker : Cambridge International Congress, Vol. I., 1912. 

+ Hilbert: Gottingen Nachrichten, 1904, S. 213-234. The Hilbert 
integral equation is essentially different from that given by Whittaker (/oc. 
cit.). Whittaker’s has a continuous kern, whereas Hilbert’s kern has a 
discontinuity. 
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merges into pure periodicity in the neighbourhood of the eigenwerte. 
With this in view we cannot make much progress by means of the 
method, used by Lindemann* and Maclaurin, + of transforming the 
equation into an algebraic equation by the substitution of a» =cosz 
and then expanding in Taylor’s series round certain points in the 
x-plane. Accordingly we shall confine ourselves to solutions of the 
form (2). 


S1. Convenient Form of the differential equation. 

If we write k?=32q in (1), with a view to saving repeated 
powers of 2 in the expansions, we obtain for our differential 
equation 





dy 
2gcos"2)y = 
Tie (a + 32qcos"z)y = 0 
dy 
or acy (a+ 16q + 16gcos2z)y =0%..........0000000. (3) 


$2. Baupression of the Quasi-periodic Solution in a Form which 
reduces to the céy-function. 

We know that the elliptic-cylinder function (or periodic solution) 
of zero order, ce,(z), is given by 


4 
y = ce)(2) = 1 + 4qcos2z + 2q’cos4e + g( 0086s RAG :) a 


when a+ 167 = — 329° + 224q* - Aue g° + 
Let us try to get a solution 
y = Ae*(4_ + a periodic function) + Be~* ($ + a periodic function) 
which will reduce to ce,(z) when c=0 and A= B=1. 
The process used is as follows: 
Assume @=4@)+ 09 + dog? + a:9° +... 
and y = Ae + by(2)q + bol z)q° + b3(2)9" + ---) 
+ Bew"(5 + ah(z)q + de(2)q° + ds(2)Q° + «--). 
Substituting in the equation (3), and equating to zero the terms 
not containing g as a factor, we have 
4c? + 4a,=0, 
and Me 


* Lindemann : Mathematische Annalen, B, 22, S. 117-123, 1883. 
+ Maclaurin: Trans. Camb. Phil. Soc., Vol. XVII., p. 41-108, 1899. 
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Equating to zero the terms with the first power of q as a factor, 
we obtain 
b,''(2) + 2b;'(z)e + b,(z)e* — by (z)c? + Sa, + 8 + 8c0s2z=0, 
d,'"(z) — 2d,'(z)c + d,(z)e? — d,(z)c? + da, + 8 + 8cos2z=0. 
In order that 6,(z) and d,(z), the integrals of these equations 
may have only periodic terms, we must make 


4a,+8=0 
and + @ = —16; 


and we then have 
2cos22z — 2esin2z 


als 14+¢ 
2cos2z + 2csin2z 
a8) | a ee 


In this way we proceed to determine in succession 4, as, ..., 


b,(z), b3(z), ..., @(z), @;(2), .... and thus obtain 





Avel a 2cos2z -- 2csin2z (4 — 2c*)cos4z —6csin4z , 
pa ce lat l+e mY or (1 +07)(4 +c?) 

f 2e( Pe Oile y , e eee ) f 22( dlc, | 9 ,4e( ee) ) 
FORA ase  Ares+ey Mae)? » Caneyaeen 


Foose Tad eote) Sera era rca ine 


+ Be-* [the same function of —c] 


: . 32 2(1 — cc’) (1 — 2c’) 
6g ee ee 
when a+ 16q rat ae gt ero (1+e)(44+e) 


8(1 —¢’) | 4e(l1l-c*) 4 


” 
0 


It will be seen that these expansions contain as denominators 
(l+c’), (4+c*), ete, so that they are not convergent near 
c=1, 21,..... Now these are the values of c which, when sub- 
stituted in 

y = Ae (periodic function) + Be~® (periodic function) 
would give periodic solutions, and hence this expansion for the quasi- 
periodic solution cannot be used practically for those values of a 
which are in the neighbourhood of the eigenwerte corresponding to 
the ce,, céy..., 8), Sé, ... functions. We shall afterwards show that 
in these neighbourhoods the nature of the quasi-periodicity under- 
goes changes, and it is interesting to note how these changes take 
place under cover of the divergence of the expression, a circum- 
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stance in many ways analogous to the well-known property, which 
the constants of an asymptotic expansion have, of changing their 
character in the ‘“‘haziness” that arises in certain regions of the 
argument. 


$3. Hapression of the Quasi-periodic Solution in Forms which 
reduce to the EHlliptic-cylinder Functions other than the ce,-function. 


The method of the last section was used to obtain an expression 
which would reduce to ce,(z) forc=0. It is natural to try to get 
an expansion on similar lines which would reduce to ce,(z) or to any 
of the other periodic solutions, and Professor Whittaker has pointed 
out to me an elegant method by which we deduce an expansion 
reducing to ce, and se,, and which can be easily extended to provide 
expansions reducing to any required periodic solution.* 

The ce, solution is 

ce,(z) = cosz + gcosdz + g?( — cos3z + 3C08Dz) +... 
when a+16q=1 — 8q - 89¢°+ 89’ - ... 
and the se, solution is 
se,(z) = sing + gsindz + g°(sindz + 4sindz) +... 
when a+16qg=1+48q - 89° - 89’ -...; 
and Professor Whittaker’s solution shows that these are simply 


particular cases (corresponding to 7 = -> and to «=0) of the 


theorem that a quasi-periodic solution is 


y= et esin2er sin (z —~o) + qsin(3z —@) + ¢°(3sin2ecos(3z —- 7) 
; + cos2esin(3z — 0) + dsin(5z-—a)) +... | 
when a+16qg=1+8cos2oc. gq — 8(1 + 2sin’2c)q*° + ... 


This expansion is obtained by assuming the solution 


a 2Naasin2o 


y [sin(z — 0) + qb,(z) +.9°b,(c) +... | 
along with a+1l6g=1+4+4qa,(c)+q°a(o)+..., 
and finding a,, a, ... in succession such that 6,, 6,, 63, ... are periodic 
functions. It is found in this case that N =4. 


* An account of this method is given in a note by Professor Whittaker 
in the present volume. 
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It is clear that the general solution of the equation may be 
written 
y = Ae P8in297 gin (z —~o)+qsin(3z-—c)+...| 
+ Be~ 448207 in(z +o) + gsin(32+0) +...] 
when a+16qg=1+8cos2o.q —8(1+ 2sin’2c) .g°+.... 
When we aim at getting a solution which will reduce to, say, 
ce, and se,, we assume as solution 
Oe eNaresin2ey in (nz —o) + 9b,(z) + ¢°b,(z) +... ], 
along with a+1l6g=n?+qa,(c)+9'a(o)+..., 
the only change being the substitution of g” for g in the exponential 
factor and in taking sin(nz — oc) as the solution when gq =0. 
The case n = 2 gives 
y= Ae 4qPesin2ar cin (22 —o) + (2sine +2sin(4z - 7) )g+}sin(6z - ) . g” 
+ {Ssino — 1 6sin’o — 18sin2ocos(4z - ) 


+(—5+418sin’o)sin(4¢ —o) +p sin(8z - c)}q? +... ] 
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Say dia Motmeed [the same function of —c], 
when a+ 16q =4 — (1,6 — 32sin’c)g?+.... 

This solution reduces to ce,(z) for g= — —, 
and to se,(z) for o=0. 


The case n= 5 gives similarly 
y = Ae *8in20/ sin (32 — 0) + (—sin(z - 7) + 4sin(5z - c) )g 
+ (-sin(z+o) + 75sin(7Tz - oc) )@” 
+ (- 4dsin(z -— 0) + gysin(5z — o) + spsin(9z —¢) )g? +... | 


+ Be- $g°zsin2e [the same function of - o| 


when . a+ 16q¢=9+ 49° + 8cos2c.q°+.... 
This solution reduces to ce,(z) for o= - > 
and to se,(z) for o=0. 


With these solutions we can explore beyond o=0 and 
Tes = by using imaginary values of o, but from later considerations 


it will be evident that any one of these solutions cannot provide 
an expansion for all values of the parameter a, and use will 
accordingly be made of these solutions only in the vicinity of the 
eigenwerte of the periodic solutions to which they naturally reduce. 
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$4. Discussion of the variation of c. 


We shall return now to a consideration of the Floquet form of 
solution y= Ae“p,(z)+Be’p(z), and proceed to discuss the 
variation of the parameter a. 

When gy is small—as usually happens in astronomical applica- 
tions—it is evidentsthat a first approximation to the solution of 
(1) is 

y = AeV -4-# 4. Be —A/=4.2, 
so that a first approximation to the value of ¢ is 7 ,/a. 

Also if y= Ae“p,(z) + Be-“p,(z) is a solution, we have solutions 

of the form 
y= Acct “DD, (2) + Be ~‘ (c+ni)z nai (2), 
where n=1, 2, 3, .... 

Thus ¢ is not a single-valued quantity, since e+ would act 
equally well, but it will be convenient to select that value of ¢ 
which would reduce to z,/a if g were taken to be zero. With 
this convention c=0, l, 2,...,, ... will correspond to the periodic 
solutions 

CE CE, \ Cs) a} 
Pai pea ae 

In §2 it is shown that, when the parameter a is not in the 
neighbourhood of any of the eigenwerte other than that of the 
ce,-function, the relation between c and a is 

32 » , (296(1 — c’) 128(1 -— 2c”) \, 
l+c ( (l+e?)?" (1 40°)%(4 ap) 
When the denominators are expanded, this becomes 
a+16q= —c?—32(1—c?+c—c8+...)¢° 

+ (224 — 888c? + 2046c* — 3712-5c® + ...)q4 


29696 : 
Hla 


or a+16q= . 329° + 224q* Tae ) 
— (1 — 32q° + 8889% — ...) 
+ c*( — 329°? + 20469% — ...) 
— c°( — 329? + 38712°59* — ...). 
For any particular value of q (sufficiently small to make the 
series in the brackets convergent), this formula gives a for any 








a+ l6qg= —-c’- 
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value of c, and by a simple reversion of this equation we can derive 
a formula for c in terms of a. 

Since general formulae have not been obtained, we must have 
resort to numerical calculation for further knowledge, and the 
result is, that when we substitute real values of ¢ in the formula, 
values of a are obtained which are less than the ezgenwerte of the 
cé, function, and, when we substitute imaginary values of c, the 
corresponding values of a are all found to be greater than the 
ergenwerte of Ceo. ; 

As we noted above, this formula cannot be used near the 
eigenwerte of the other periodic solutions, and in their vicinity we 
must have recourse to the results of § 3. 


$5. Mote on the Application of G. W. Hill’s Method. 

In his celebrated memoir “On the Mean Motion of the Lunar 
Perigee,” Hill* reduced the problem to the discussion of the 
equation 
dy 

dz” 
and when 0,0,... are taken to be zero, the equation becomes the 
Mathieu equation. We may thus make use of Hill’s results, but 
the formula which he arrived at for c in terms of the 0's suffers 
from the same disability as the formula of the last section, in that 
it cannot be used in the regions near any of the eigenwerte, and 


therefore does not give any extra information. 





+ (0, + 20,cos2z + 20,cos4z + ...)z=0 


$6. The value of c near the ergenwerte. 

The results of §3 are shown in the table annexed, in which are 
arranged the values of a+ 16g and of ¢ corresponding to the region 
of ce, and se,, of ce, and se,, ... 


In the neigh- 
bourhood of 


the ezgenwerte : a+16q 
of 
ce, and se, 4qsin2o 1 + 8cos2o.. g — 8(1 + 2sin’2c)q?+... 
ce, and se, — 49’sin2c 4 — (48 — 32sin’c)q?+... 
ce, and sé, $q°sin2o 9+ 49° + 8cos2c.q°+... 


eeeeeereeeee fF #8 8 ee ee eee jf; j*£F CHER EHHHHHHHHEEHE HP eHEE HO HE HR EEEeeEeETHED 


* Hill: Acta Mathematica, Vol. VIII., pp. 1-36, 1886. 
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It will be seen that a+ 16q is real for real and imaginary values 
of o, but that c is real or imaginary according as o is real or 
imaginary. 

Now for the real values o, a+ 16q lies between the ergenwerte 
T ° 
55 and hence we see that c is real 
for values of a intermediate between erigenwerte of any pair of the 
periodic functions which are of the same order, e.g. ce, and se, 
Cé, and sé,, etc. 


corresponding to o=0 and a= - 


$7. Variation of c over whole region of the parameter a. 

_ Combining the results of §§4 and 6 we have the following 
theorem :— 

The values of a corresponding to the periodic solutions (or elliptic 
cylinder functions) serve to mark out regions in the whole range of 
values of a, in which the corresponding value of ¢ is either always 
real or always imaginary. In particular 
from a= —o to the eigenwerte of ce, ¢ is real; 


from the eigenwerte of ce, to the ergenwerte of ce, ¢ is imaginary ; 


» e ” 9 CC} ” ” 95 88, C 1S real ; 
9 ” ” 9» SA) ” ” »» S€, € 1S Imaginary ; 
” 3 ” 97 S@y ” ” 9» Cl, € 18 real ; 

and so on. 


It will be noticed from the last column in the table of §6 
that, since the earliest term of the series containing a function 
of o is that in q”, the interval between the ergenwerte belonging to 
the ce,-function, and that belonging to the se,-function depends on 
g, and hence, if g be small, decreases rapidly with increasing 
values of the order m of the periodic solutions. From the second 
column c is likewise seen to depend on qg”. 


$8. Stability and Instability of the Solutions. 


In most of the physical applications of Mathieu’s differential 
equation it is the periodic solution that is wanted, but in the 
astronomical questions it is the quasi-periodic, and, more especially, 
it is the factor of quasi-periodicity, c, that is of importance. 
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The equation 

ay 

de 
may be regarded as specifying the effect of perturbative forces on 
a system which is moving in a periodic orbit, y being the variable 
expressing the variation from the periodic trajectory and z being 
the measure of the time. To each pair of values of a and q there 
will be an orbit from which the differential equation expresses the 
variation, and from the nature of the solution 

y = Ae%p,(z) + Be“ p.(z) 

we see that the periodic orbit corresponding to any pair of values 
of a and q will be stable or unstable according as ¢ is imaginary or 
real. Confining our attention to one fixed value of g, we have an 
infinite family of periodic orbits corresponding to all possible 
values of a, and the results of last paragraph show how the 
instability or stability can be determined and how the property 
changes at each periodic solution of the equation of perturbation. 
The constant ¢ may be regarded as giving the period of the small 
oscillation from the periodic orbit which is caused by the dis- 
turbing force; this period of small oscillation will gradually 
change as we proceed from one periodic orbit to another until we 
come to one for which the period of small oscillation is an aliquot 
part of the period of the orbit. Beyond this particular orbit there 
is instability until we arrive at another coincidence of the periods 
of the small oscillations and the ordinary orbit. 


+ (a+ 16q + 16qcos2z)y = 0 
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On the Attractions of Spherical and Hllipsoidal Shells. 


By Professor A. Gray, F.R.S. 


(Received Ist June 1914. Read 13th June 1914.) 


So far as I am aware, the methods, described below, of finding 
the attraction of a uniform shell of matter on a particle placed at 
an external or an internal point, are new. They are particular 
applications of a method of finding the attraction of a thin shell 
of uniform volume density bounded by similar and _ similarly 
situated ellipsoidal surfaces (what some have called a homothetic 
shell, and Thomson and Tait an elliptic homeoid) which I explained 
in a paper, on the attraction of ellipsoidal shells and of solid 
ellipsoids, which was published in the Philosophical Magazine for 
April 1907. I give here also a short account of the more general 
problem with some additional notes and remarks. The solution 
depends on a geometrical theorem of some interest which occurred 
to me in thinking over the problem of the ellipsoidal shell, and its 
solution by Poisson by a laborious and somewhat difficult process 
of integration (Mémoires de ? Institut, t. xv., 1835). 


1. Consider a thin uniform spherical shell, of radius a and mass 
o per unit of area, attracting a particle of unit mass at a point P 
distant f from the centre C of the shell. (1) Let P be external to 
the shell as shown in Fig. 1. An element of area dS at E has 
mass odS, and its attraction on the unit particle at P is xodS/r’, 
where r denotes the distance EP, and « the gravitation constant. 
Resolving along the direction of the resultant attraction of the 
shell on the particle, putting @ for the angle APE, we obtain for 
the attraction F of the whole shell the equation 





2 


F- cof DRI Re ee sin dae (1) 


where the integral is taken over the surface of the shell. Now, 
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describing through P a surface concentric with the shell, producing 
CE to meet that surface in E’ and joining AH’, we see that AE’ =7, 
and 2 AK'E=06. Moreover, by radial projection of dS from the 
centre C, we obtain an area dS’ on the concentric surface such that 
dS =dS'.a’/f’. Replacing dS in equation (1) by this value we get, 
integrating over the concentric surface, 


ee dS 0:1 con (2) 


But, since AE’=r and 2 AH’E=8@, d§8’'cos@/r’ is the solid angle 
subtended at A by the element of surface dS’. The integral is 





ice | 


therefore the solid angle subtended by the whole concentric surface 
at the internal point A, or 47. Hence 


that is, the attraction is the same as if the whole mass were col- 
lected at C. 

(2) Let P be an internal point, as shown in Fig. 2, and a 
concentric surface be described through P as before. Corre- 
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sponding to dS there is an element of surface dS’ as before on the 
concentric surface, and again AE’=PE=r, 2 APE= 2. AH’E=80. 
Thus, again, 
: 0 

F= oe | Di fait ae ee (4) 
Now, however, the integral is the solid angle subtended by the 
concentric surface at the external point A. This, of course, is zero, 
and therefore F = 0. 


E 


AN, 


Higa, 


It will be noticed that, if the shell be incomplete, the attraction 
is in each case the product of xoa’/f° by the proper value of the 
solid angle subtended at A by the part of the concentric surface 
corresponding to the incomplete shell. For example, let P be 
external to the shell, regarded as complete. It is obvious that if 
we divide the shell into two segments, by drawing the polar plane 
of P with respect to the shell, the solid angles subtended at A by 
the corresponding parts of the concentric surface are each 27. 
Hence the shell is divided by the plane at right angles to CP 
drawn through the point P’, the inverse of P with respect to the 
shell, into two segments attracting equally the unit particle at P. 

Of course this last result is obvious from another point of view. 
We have only to draw narrow cones through P so as to intersect 
the shell. The two elements intercepted by each cone have equal 
attractions on the particle at P. The elements fall into two sets, 
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one set forming one of the two segments just specified the other 
set forming the other segment. 

From the result we can easily find a solution of the problem of 
dividing a solid sphere into two parts which shall have equal 
attractions at any point P. Let the centre be C: on CP as 
diameter describe a sphere. This spherical surface divides the solid 
sphere into two parts which have equal attractions on a particle 
at P. These parts are lens-shaped, one, the farther from P, 
convexo-concave, the other convexo-convex. The spherical surface 
divides each of the concentric shells, of which the solid sphere may 
be regarded as built up, into two segments which join along the 
polar plane of P with respect to the shell. 

This theorem holds whether the solid sphere be of uniform 
density or of density varying as a function of the distance from the 
centre. It also holds whether P be internal or external to the 
sphere. For the case of uniform density the theorem can be 
verified in this case at once, for the attractions of uniform spheres 
of different radii, but of the same density, on a unit particle in 
contact with the surface in each case, are proportional to the radii. 


2. We now pass to the more general theorem. It was proved 
by Poisson, in the memoir referred to above, that the resultant 
attraction of an elliptic homeoid at an external point is directed 
along the internal axis, PQ, of the cone drawn from the external 
point as vertex to envelop the homeoid. The full significance of 
his theorem does not seem to have been perceived by Poisson. For 
that axis of the cone is the normal to the confocal ellipsoidal 
surface drawn through the external point, and the theorem shows 
that the family of external confocal ellipsoidal surfaces are the 
equi-potential surfaces of the homeoid, a fact of great importance 
in view of Green’s theory of equivalent distribution. [This was 
contained in his celebrated Hssay which was published privately in 
1828, but remained unknown to the French mathematicians, and 
to the scientific world generally, until about twenty years later, 
when it was republished in Crelle’s Journal. | 

Refer to Fig. 3, which represents a section of the ellipsoidal 
shell, the attraction of which on a unit particle at P is to be 
considered, by a plane containing the internal axis PQ of the 
enveloping cone drawn from P as vertex. The confocal surface 
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through P is indicated, and to this surface the axis in question is 
anormal. The equation of the confocal is 
x2 2 
+74 += 
atu F+u c+u 











and the equations of the outer and inner surfaces of the homeoid 
are 


2 2 
z 











respectively. 


ot a SC a a 





Imagine drawn from P as vertex a narrow cone of solid angle 
dw, intercepting two elements of the homeoid at E and F, and let 
the area of the element at E be dS. If the length of the per- 
pendicular from the centre on the tangent plane at E be p, the 
mass of the element is }pypdkdS/k. Now to dS we have by the 
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theory of corresponding points on confocal surfaces a corresponding 
element at EK’, the area of which, d&, is given by the equation 


abe 


AS = ———————— eS cece cc eee 7 
% J (a? +u)(b + 0)(e + w) % ”) 


where @ is the length of the perpendicular from the centre on the 
tangent plane to the confocal at HE’. 


3. Before proceeding further it is necessary to explain and 
indicate a proof of the geometrical theorem by which the attraction 
integral is to be transformed. Let the point A on the surface of 
the shell correspond to P on the confocal. The point E corresponds 
to EH’, and by the property of corresponding points AE’ = EP, that 
is, AE’ is also equaltor. Let, be the length of the perpendicular 
from the centre on the tangent plane to the confocal at P, and @ 
be the angle between the perpendicular (of length @) from the 
centre on the tangent plane at E’ and the line AE’. Let 
the angle between the former perpendicular and the line EP 
be @. [It is important to take the lines EP, AE’ in the senses 
indicated by the letters, and to take the perpendiculars both 
outward or both inward, to avoid any difficulty as to the signs 
of the cosines]. Then it can be proved that 


COs, = T,COSO .... \.5,...0. 408s eee (8) 


This is the geometrical theorem employed. I have not seen it 
referred to in works on geometry. 


Of course the theorem also holds when the perpendiculars are 
those to the tangent planes which touch at the two points A, E on 
the shell. The proof in either case is easy: it is only necessary to 
express D,, O, cos@, cos#, by means of the equation of the confocal 
and the coordinates of P and E’ when it is found that (8) is verified. 
The theorem of course is not confined to the particular case of 
ellipsovds. 


Since an ellipsoid is confocal with itself, the theorem also holds 
when P coincides with A and E’ with E. Then EP coincides with 
EA and AE’ with AE. Hence if », p be the lengths of the per- 
pendiculars from the centre to the tangent planes at the extremities 
of a chord drawn to join any two points A, E on an ellipsoid, and 
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6,9 be the angles between AE and yp, and between EA and p 
respectively, we have again 
DOOR Grae U CORO. swe tht.) armmaae oer ene (8’) 


4. This latter case of the geometrical theorem enables us to 
prove Poisson’s theorem of the direction of the resultant attraction, 
and to establish some other results. From P draw a narrow cone, 
of solid angle dw, intercepting elements of area d8,, dS, at E, F on 
the shell, and let p,,p. be the lengths of the perpendiculars from 
the centre on the tangent planes at EH, F, 0,, 6, the angles between 
these perpendiculars and EF, FE respectively. Then clearly we 
have dS,=r/dw/cos6,, dS,=r,dw/cos@,, where 7,= PE, r,= PF. 
But by the statement made above, § 2, as to the mass of an element 
of the homeoid, the masses intercepted at E and F are 


4p,pdkds,/k, 4p.pdkd8,/k 
which, by the values just found for dS,, dS, are 
todkrdwp,/kcos?,, 4pdkr.*dwp,/keos6@,. 
The attractions on a particle of unit mass at P are therefore 
tpdkduwp,/kcos0,, 4pdkdwp,/kcos6., 


and these are equal by (8’). It is clear, therefore, that the attract- 
ing elements fall into two sets, one set on the side of the polar plane 
towards P the other set on the side remote from P. The polar 
plane therefore divides the homeoid into two segments which exert 
equal attractions on a particle at P. 

Moreover, for any narrow cone taken with its axis on one side 
of the axis of the enveloping cone, another cone of equal solid angle 
can be taken on the other side of the latter axis in the same plane 
with it, and equally inclined to it. By such pairs of cones the 
homeoids can be exactly exhausted, and so Poisson’s theorem of 
the direction of the attraction at P is established. 

A similar method to that just employed for the point P can be 
used to show that the attraction on a particle at any internal point 
is zero. It is only necessary to draw cones with their vertices at 
the point chosen, and apply the theorem (8’) as before. All 
reference to the homeoid as found by pure strain from a uniform 
spherical shell is thus rendered unnecessary. We shall obtain 
presently another proof of this theorem. 
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A proof of Poisson’s theorem of the direction of the attraction 
was given by Steiner (Credle, Bd. 12, 1834) after the announcement 
of the theorem in 1833. This, however, involved the assumption, 
to be justified by derivation of the homeoid from the spherical 
shell, that two elements intercepted by the same narrow cone, have 
masses in the ratio of the squares of their distances from the vertex 
of the cone. Steiner’s proof is reproduced in the PAzl. Mag. paper 
(loc. cit.). 


5. We can now find the magnitude F of the resultant. We 
have, if 7 denote the distance EP, dS the area of an element at E, 


p the length of the perpendicular from the centre on the tangent 
plane at E, and 6, the angle EPQ, 


The integration is taken over the homeoid. The difficulty in 
Poisson’s investigation was the evaluation of this integral, and its 
accomplishment was a rather troublesome and lengthy process. 


If in (9) we make the substitution given by (7), we get 





dk b p> 
PL To a i | er0008 = ee (10), 
k J@+u)(P+uj(e+u) He 
or by the relation (8), since @, is the same for every element, 
d p> 
Tee ee of a 
k J(@ +u)(b? + u)(c? + u) 


In (10) and (11) the integrations are to be taken over the confocal 
surface. Clearly the integral in (11) is the solid angle subtended 
at the point A by the surrounding confocal surface, and is therefore 
47. Hence we have 


abe 


F => 2ar kK On PR REESE ST ERR 2 SES 
OER J (a? + u)(b? + u)(2 + wu) 


ers). (12) 


which is equivalent to Poisson’s result. From this (see Phil. Mag., 
loc. cit. supra) the potential of the homeeoid at P, and at any other 
point is easily obtained. 
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We can proceed in exactly the same way when P is within the 
homeeoid, by taking a confocal ellipsoidal surface through P. We 
have then for the equation of the confocal 
2 2 2 


2 9 


——_— + : 
G.—U (Oo ue Cu 





and get by the same process the same equation (12), except that w 
is replaced by —w. Here, however, the integral is the solid angle 
subtended by the closed surface of the confocal at the external 
point A, and is zero. Hence F is zero at P. 

As in the case of the spherical shell, if the homceoid is incom- 
plete its attraction is given by estimation of the corresponding solid 
angle subtended by the confocal at A. 

Also, it can easily be shown that the parts of the confocal 
corresponding to the two segments, into which the shell is divided 
by the polar plane, subtend each an angle 27 at the point A, so 
that these segments exert equal attractions at the external point P, 
as proved more simply above. 


6. It is clear that the surface of which the equation is 





- pation Yer gy Taal ae 

az i= Uap ent Weston hs Hes a (13) 
contains the intersections of all the polar planes of point P 
(coordinates f, g, h) with respect to the surfaces (common centre C) 
obtained by giving different values to / in the equation 


9 
< 


zi ye 
2 

Hence if fg, h be the coordinates of the point P at which the 
unit particle is situated, and an ellipsoid, of which the equation 
(referred to the same axes as are used for the homeeoids) is (13), 
be described from the point of coordinates ($f, 4g, 4h) as centre, it 
will contain the intersections with the surfaces of all the polar 
planes of the point P with respect to the family of surfaces repre- 
sented by (14). Thus it will divide each homeeoid characterised by 
an assigned value of & into two segments which exert equal attrac- 





ey Se ae rk) te eee (14) 





tions on a particle at P. 
Further, if a solid ellipsoid be constructed by placing together 
concentric homeeoidal shells, of which the equations of the succes- 
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sive surfaces are given by varying k, and which have each uniform 
volume density, varying in any manner from shell to shell, the 
ellipsoidal surface of which the equation is (13) will divide the 
solid ellipsoid into two parts which attract equally a unit particle 
at P. This holds even when P is within the solid ellipsoid. The 
centre of this surface is the mid-point of OP, and obviously CP is 
a diameter. 

Thus the results stated in the first part of this paper for 
spherical distributions have their exact counterparts in the general 
case of ellipsoidal distributions. 
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On certain theorems in Continued Fractions equivalent to 
Riemann’s and other Transformations of the P-function. 


By EH. Linpsay INcE. 
(Read Sth May 1914. Recewed 21st May 1914). 


$1. Introduction. 

The transformation of Continued Fractions into one another is a 
subject in which very little work has so far been done. Beyond 
the simple transformations given in works on elementary algebra, few 
transformation-theorems are known; the best known being those 
connected with the “contraction” and ‘‘extension” of Continued 
Fractions, and the transformations of Euler, Bauer and Muir. 

The purpose of the following paper is to add to the number of 
known transformations. The method used depends on the fact 
that every linear differential equation of the second order leads to 
a continued fraction, so that theorems involving the transformation 
of one such differentia] equation into another would be expected to 
lead to transformations of continued fractions hitherto unknown. 


§2. The General Method. 


d°y 
Let TO Js o(z)y He RO eee PEELE eS e (1) 


be a linear differential equation of the second order; then if we 
differentiate it with respect to the independent variable z we obtain 
a linear differential equation of the third order. We may 
eliminate y between equation (1) and this new equation, and thus 
obtain an equation of the form 


d°y 
2 
sO + nly a crt Re ieee (2) 
From this equation we obtain by differentiating with respect to 
d 
z and eliminating — a third equation 


dty dy 
dat + Pal? oe ale wae: 
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We may continue this process indefinitely ; after m successive 
differentiations and the corresponding eliminations we obtain the 
equation 


any 
dent? + plz petal dz} S + an(@ ee n =0. 





Now, denoting @ by y'; a by y”, and so on, we obtain 


from equation (1) the relation 





vt 


But Eas may be obtained from equation (2) in a similar form, 
Y - 





Viz. 
he act 
yl’ yf" 3 
ys Ramer 
"OY 
and thus we get the relation 
£Y 25 MESS 
op at 
Pig ae 


Continuing this process, and making use of the ratios of — 
successive differential coefficients of y deduced from the equation 


U 


already obtained, we finally get the ratio = expressed in terms of 


a continued fraction, viz. 


YU Dds 


y DP — pi Dyin 22, wea (3) 
Next suppose that we apply the transformation 
y = vp(2) 


gaia) Jo 
to the differential equation (1), and that it is changed thereby 
into the new equation 


e = —, + P(x zee + Q(c)o = 04.2... 007ci (5) 
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From this new equation (5), by applying the process above 


/ 





in terms of a continued fraction, thus: 


Pek; 2 Qs 


v 1p ge Roce eae phe wal (6) 


when the Q’s correspond to the q’s of the original equation and 
those derived from it by the process of differentiation and elimina- 
tion, and the P’s in like manner to the p’s. 

Thus the transformation (4) converts the continued fraction of 
equation (3) into that of equation (6), always provided, however, 
that v is the same solution of equation (5) as y is of equation (1). 
Thus if we denote the first continued fraction by F, we have, 
applying the transformation (4), 

pot (Pere) 
y dz wp\ wv 


Hes) 


dashes denoting differentiation with respect to the new independent 
variable x. 


U 


Now — is the continued fraction obtained from the transformed 


described, we obtain 


differential equation (5) and may be denoted by G. 
Then we have the relation 
1 fp 
y ( p 
or G=Fy’ - £. Pe eaten Basis os eee te a (7) 


The question as to whether v and y are or are not the same 
solution of the transformed and the original differential equation 
will be discussed subsequently in the different cases. 


$3. Application to equations of hypergeometric type. 

In general, however, the successive differential equations become 
more and more involved, so that it becomes extremely difficult to 
obtain a general expression for the n™ derived equation. 

Nevertheless in certain simple cases we may proceed without 
difficulty to the n derived equation and obtain the corresponding 
continued fraction. 
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Such a case arises in connection with the differential equation 


(az’ + bz +) 





d*y dy 
ae + (ce + fs + gy =0, 1 00se oe (8) 


where a, b, c, e, fand g are constants. 
If we differentiate this with respect to the independent variable 
z we obtain the equation 


: dy ay dy 
ey 9 . : ae 
(az + ba+c)7 + {(2a te)z+(b+f)} Te Ve gi 


in which the dependent variable y does not appear and no elimina- 
tion is necessary. 
By differentiating equation (8) m times we finally arrive at the 




















equation 
+1 
(as? + de+ oa + {(2naree+ (nb+/)} 
+ {n(n—1)a-+ne+g}5" =0. + oe Scrum (9) 
These equations lead directly to the relation 
g e+g 2a+2e+9 n(n —-l)at+net+g 
a d d d d 

~y extf Qateet(o+f) atderQb+f) _Qnareer(nd+f) 

d d d ¥ d 
os (e+g)d (2a + 2e+ 9)d {n(n — l)a+ne+g} 
ez tf —(Qatejz+(b+f) -(4ateje+(264+f)—...- (Qnate)z+(nb+f) —..... 


where d=az*+bz+c | 


In order that this continued fraction may converge and thus 
be of any practical utility, it is necessary that in the equation 





da? di 
(az’ + bz +c) = + (ee+f)— + gy =0 


other two, so that a good approximation is obtained by discarding 


| 
| 
| 
the first term az*+6z+c=d should be of less importance than the 
it, in which case a first approximation to its value is | 


1 BY Bere Fada 
ydz e+f : 
Thus in the case of the ordinary hypergeometric equation | 
dy dy | 
22-1) +{-et+(atb+l)z} 7 + aby=0, custeate (11) | 
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where z is small (2.e. near the singularity 0), the two last terms are 
non-zero, but the first term tends to zero when z tends to zero, so 
that here the condition is satisfied. 


$4. Nature of the solution y in the preceding section. 


In order to determine which solution of the differential equa- 
tion (8) y happens to be, we may regard the matter from the point 
of view of the Riemann P-function, which is defined as being any 
solution of the generalised hypergeometric equation 

ze AC pss Ee es ag eae hme YoY ee 
——e + os ak 
z—b z—C dz 


Fe fe —c) a: ee —c)(b-a) e yy'(e-—a)(e - 5) \ 


Z—-a z—b Z—C J 














ee YR SY 
(z — a)(z — b)(z —c) 


ae er 
P| Cee (Sita) 5 2 } 
> ou” p' y’ 


The generalised hypergeometric equation has three regular singular 
points a, 6,c, with exponents « and «’ at a, B and fP’ at 6, and 
y and y’ at c, respectively. 

The P-function corresponding to the differential equation (8) 


is of the form 
N «© +p 
iF ! yoni BY Lynitz | 
ee eed 
where A and pare the roots of the equation 
aeerDe cra Gim ie ete ay teas. br hes og te (13) 
Near the value 4 of z, there will be two distinct expansions 
of y. 
One, viz. y;, 18 
y, = (z—A) )* + A(z — A) + 
whence Y= ae —X)*" + (a+ 1)A(e —A)*+... 


and aa y+ K + Lz - A) +M(e-d)?+ Ne -d)*+ 


and is denoted by 
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For the other, y,, we shall have 


Li maka t) eieai hye yeti of 








Yo %z-A 
The other notable solutions are as follows : 
At infinity, 
] ue A é B i 
¥y = —— —————— San eee 
Ts OS et EC: 
For this 
aM; B 
tg oboe FY eas 
alt lee! aR: M” 
and Ys. elt Pty. retin pire giy Dar eat oA EY 
Ys Zz 2 z z 
, / 1 Gey 1 M’” 
so also Yi sah at ane ne sree 
Ys z z z z 


Near z=p, we have, in like manner, 


U 





CU ontent Lit 
Y; 2-C 
and welt +.. 


Our purpose is now to find out which of these ratios, viz., 


Ud 


41° Ye Ye 
is represented by the continued fraction we have obtained. 


3 


Now any equation of the form (8) may be reduced to the form 
of the ordinary hypergeometric equation, 


a d 
(e—Vae+ { yt (e+ B+ lea + OBy =O veerereeervee (11) 


by moving the singularities to the points z=0 and’z=1, and 
making zero one of the exponents « and «’ and one of y and y’. 
The corresponding P-function is 
We ere 3 1 | 
P Oia 0 


Ll-y B y-«-f | 





~, 


i 
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and the six notable solutions and the corresponding ratios 7 are 
Y 








1 ye ana aa Rp le cae 8 ie Ge Ot I 
Y y 
i. yeaa Yt An ‘+ ts ae EL pale Pdsn MAE, Meta 
Yo Z 
iil. oe + ea ans, nes hs i SS 
wt a+1 Ys Bh EDO peek: ee 
i As Ys B 
iv ete a er 
Ys 2B zB +1 ne a Bat Fe ree Ae gee ae 


ere eereeoeeeneee 


Wine, Y= (2'— 1 = $= Hf eereccceccceveeeecs 
Y6 Tob 


Of these six solutions, the solution y, corresponds to the solution 
y = F(a, B, y, 2) of the hypergeometric equation, where F(a, f, y, 2) is 
of, o(e+1)B(B+1) 9 


the hypergeometric series 1 
ypers ig ate + Mat) z 





Now a continued fraction corresponding to the hypergeometric 


equation (11) is 


me 98 (we +1 B+ 1)e(e-1) _ (atn(B+myez—1)_ 
(a+B+le—y -(@+B+3)2-(yt1) —...-(@+ B+ 204 1)z-(y +2) ~ 


But when z is zero this reduces to ~ and consequently this 


continued fraction is no other than A, where y, is the solution 
1 


corresponding to the exponent 0 at the singularity 0. When z=1, 


it reduces to eee nora, and hence represents we thus also cor- 
t oateee SY pol Ys 


responding to the exponent 0 at the singularity 1. 


$5. Possible Transformations. 

The problem now arises as to what transformations are applic- 
able, i.e. what transformation would change equation (8) into 
another equation from which a continued fraction could be com- 


pletely determined. 
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Obviously any transformation 
y = v9(@) 
z= ¥(x) 
which changed equation (8) into an equation of the form 
A av dv 
(Ax + Be +C)—, + (Ea + F)— +Gv=0 


would satisfy these conditions, provided always that the solution of 


, 


this latter equation involved in the continued fraction ~— is that 


solution which corresponds to the solution of the former equation 


U 


(8) involved in the continued fraction a 


To obtain such a transformation, we again have recourse to 
Riemann’s P-function. The P-function corresponding to equation 


(8) is : 
io 0 7 Zz | 
oa! y’ | 


where ao=1 


~ 


Rw 8 


eX+f 
a(p — X) 
sais grate ie 
a(A— p) 
Jé + a? — 2ae — 4ag 
a 


a 








28=—-1+ 


pes = ii Jé +a? — Qae — 4ag 
a a 
and 4 and p are as already defined. 
Thus any such transformation which changes 


A 1 ico 
pj ogo. | 


Bceas uy 
into 
oreo. 
P| 0B eOors 
ACB aL 


is suited to our purpose. Several such transformations are known 
to exist, and examples of their application are given in the 
following sections. 


109 


$6. Riemann’s Transformation. 


It is, of course, not necessary to know the transformation 
itself, provided we are given a relation between two P-functions, 
for we can construct directly the differential equation cor- 
responding to each of them and at once proceed to the relation 
between the corresponding continued fractions. 

One such relation between two P-functions is given by Riemann, 


viz. 

| le i eUars: ae IOUS! DAN eee. t .3 

| \ yaa Brny’ 

| The P-function on the left hand closely resembles that corre- 
sponding to the ordinary hypergeometric equation 


ne CS © 


a 
ole S44 {-et(ard+ 1a} + aby =0 


provided that for a we write 2? and forc we substitute the particular 


value 3. 
Then if 8 =a, B’ =b, and y'=4-a-6 the relation becomes 
0 « las | -1 ea) 1 
P| 0 a 0 et =e 0 2a 0.2 } 03) 
4 6 4-a-b t-a-b 2b 4-a-6 


By comparing the right hand member of this equation with the 
P-function of equation (8) we easily find that it corresponds to the 
differential gaa 


(2* - 


From this we obtain the continued fraction 
— 4ab (2a + 1)(26 + 1)(2 - 1) (2a + n)(2b + n)(2? - 1) 


y dz (2a+2b+1)z- (2a +264 3)z —...- (244264 2m41)%  —.erreree 
It appears from this expression, and from the differential 
equation from which it is derived, that this C.F. is not convergent 


near the origin. In fact, from the corresponding P-function we see 





+ 26+ ye + 4aby =0. 


that the origin is not a singularity in the case, whereas in the left 
hand P-function, the origin is a singular point. 

Now the continued fraction we derived in a previous section 
from the hypergeometric equation was shown to correspond to the 
solution y = F(a, b, c, 2) which is an expansion in the domain of the 
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singularity z=0, and thus these two continued fractions may not 
be equivalent in this particular region. 

We must therefore find out which of the other five distinct 
solutions of the hypergeometric equation really is equivalent to the 
continued fraction (16). This continued fraction is obviously con- 
vergent in the domains of the singularities z=1 and z= — 1, so 
that the appropriate solution of the hypergeometric equation is one 
which is convergent near one or other of these singular points. 

The six distinct solutions of the hypergeometric equation may 
be denoted by Y,, Y., ... Y,, which is the notation adopted by Forsyth 
(Differential Equations, § 123). Of these Y, and Y, are expansions 
in the domain of z—0 with exponents 0 and 1-c respectively 5 
Y; and Y, are expansions at infinity with exponents a and 3; all 

these are to be excluded. The expansions near the singularity z=1 
are Y; and Y,, the exponents being 0 and c—a—b respectively. 


Our continued fraction (16) corresponds to an expansion with 
exponent 0 at the singularity z=1, so that of the-solutions of the 
hypergeometric equation Y, is to be taken. 

A typical member of the class Y, is 

Y;=HF(a, b,a+b-c+1, 1 — 2), 
which gives 


_ 1 dy; —ab (a+ 1)(6+1)(1—a)ax 


—_ 


Ys dx (a@+6+1)(1-a)—-(a+b-c+1) + (@+6+3)(1—a)—(a+b-c+2)4+ oon 


(at+n)(b+n)(1—x)ax 
 t(a+b4+2n41)(1 —2%)-(a+b-c+n+41) 


ol —ab (a+1)(6+1)a(x—-1) 
— e-(atb4+lyx — (c+1l)-(a+64+3)x -... 


(a + )(b + n)ax(a — 1) 
6 (C+) ~(@+b4+2n4 1a... 
where a= 27, 











or 

~ ie (a + 1)(b + 1)z*(z* - 1) (a +n)(b +n)z*(2" — 1) 

c—(a+b+1)2? ~ (c+1)-(a+64+3)22 -...- (c+m)—(@+6+2n+41)2 —.......... 
lody,; i 


Se fies emer, | teins - Gere 
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Thus the required relation becomes 


— ab (a +1)(b + 1)2°(2? — 1) (a+n)(b +n)z*(2? — 1) 
Bia +b +1)2? - eG Gro Rennie ae oe (OO + 2 le! =... oeeeveneee 
- 1 — 4ab (2a+1)(264 1)(2- 1) (2a +n)(2b + 7)(2? - 1) \ 
Boe iia rope le (2aP 9b 43) Hs... ~) (2a+2b+2nel)e 


which is convergent in the domain of the singularity 2*=1. 


$7. Another Transformation of the P-function. 


We have seen (§5) that the P-function corresponding to the 
equation 


oe da 
(az*-+ bz +c) + (ex +f Ja + gy =0 Pa dto s Essai (8) 


j rN oO pe 
| 0 p 0 z | 
Bs CAR Bia yy TH 


is 


Tale) a(X— p) 


The transformation of the dependent variable from y to wu by 


the substitution 
(- = AO 
ae 





gives us the relation 





a lt 
= ~) 2» | Bp 0 z 
ay ' eet 
il 1s 1 +—_-— 
' AY) ahi a(A — p) | 
p 
“3 ‘ , =i) Z 
= VEO SaUC rae ieee (18) 
F rena Aaa p’ 1 Ei ay 
a(p— A) aX =p) 
This second P-function is of the same form as the first if 
eAX+f 
1 + ———— + 6=0 
a(p — X) 
and 1+ dies —d=(Q, 


a(A — p) 
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and these conditions are satisfied if 
e= 2a, 
f= —a(A +p) +08(A— p). 
When e and f have these particular values we are able to deduce a 


continued fraction-relation equivalent to the relation between the 
two P-functions. 


The equation (8) becomes, on substituting for e and / their 
values as pe above, 


(az 





d 
+ {2a 2 —a(d+ p) + a8(A - n)}—* + gy =0, Ry hy (19) 
from Lice we mnie the relation 


1 dy -9 (2a + g)a(z — r)(c - #) 


y dz 2az+a0(X—p)—a(A +p) — 4az 4+ ad(A - pp) —Qa(A +p) - 


{n(n+1)a-+g}a(z— A)(e— p) 
— 2(n+ l)az+ad(rX — p) — (n+ 1l)a(A+p) —... 


The transformed P-function has the form 


XN wo FP 
pL a 8s | 





0 pf 0 
or 
r va) pe 
p 0 p’ 0 z 
Hagel B eA+f 
a(A — 14) a(p— X) 

the equation corresponding to which is 
(az?+be +0) + {2az—a(A+ 1) ~ a8(d—p)} +gu= 0. ee (20) 


whence we derive the relation 


1 du -g ae 


uw dz 2az—ad\A—p)—a(A+p DN 





{n(n + 1)a +g ja(z~A)(2 - B) 
— 2(n + 1)az -— ad(A — p) — (n+1)a(A+p) -— «02... 


— pd 
Now rics, U 
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Hence 
logy = dlog(z — p) — dlog(z — 2) + logu, 
and 


Mud) dd 
— (2-A\(z—-p) w dz 








Thus we obtain the following relation between two continued 
fractions | 
ag (2a + g)a(z ~ A)(2 - #) 
Zaz — a0(rA — p) —a(A +p) — 4az—ad(A— p) — 2a(A+p)-... 
{n(n + 1a t+ g}a(z— A)(z- p) 
— 2(n + l)az — ad(A - p) — (n+ 1)a(A+p) -... 
oe) ag ee at g)ale—A)e—p) 
(2-A)(z—-p) 2az+ad(A-p)-a(A + p) — 4az+a8(A — p) - 2a(A+p) - 
{n(n + 1)a+g}a(z — A)(2— pn) 
6 —2(n+ l)az+ ad(A — pw) — (n+ L)a(A+ p) — ...(21) 





For the particular ease of the ordinary hypergeometric equation 


a? a 
fz- Wor + {-2+ (at B+ lz} + oBy=0 











we have a=1, 4=0, p=, 
: eB ele 

and a8 = g. 

The relation between the continued fractions now becomes 
-9 (g+2)e(z-1) (9+6)x(z-1) {n(n +1)+g}2(z- 1) 
2z+d6-1-— 4246-2 - 6246-3 —-...-— 2(nm4+1)z4+6-(n4+1) -... 

a8 gg +2) = 1) 8X1) {n(n tg ole) 
az—-1l) 22-8-1- 4¢-8-2 -— 6z-8-3 -...-2(n4+1)z-S-(n41)-... 
: (9 +0) ...(22) 


The expansions of. the two P-functions involved are the same in 
the two cases, as they correspond to the expansions at the 
singularity A (or «) with exponent zero, and thus the above 
equation (21) is valid, except at the points z= and z=p. 
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$8. The Hypergeometric Function. 





As is shown in text books on differential equations, ¢.g. 
Forsyth, § 117, the hypergeometric equation admits of 24 particular 
solutions: we have seen that there are six distinct solutions at 
various points in the z-plane, and consequently these 24 solutions 
may be collected into six groups of 4, the four solutions in each 
group being fundamentally the same. 


Thus, for example, adopting the usual notation, we have 
Ah Gah Cte pba) 


and these may be transformed into the corresponding members of 
the other groups. 


Now y,=F(a, 8, ¢, 2), 




















whence 
ldy, _ — ab (a+1)(b+1)x(z-1) (a+n)(b+n)z(z—-1) 
y, dz (a+b64+1)z-c —(a+b+3)z—(c4+1) —...-—(a+b4+2n41)z-(c+2)—-...2 
also y,=(1-—2)°"*"F(c-a, c— 5, ¢, 2), 
whence 
1 iiss Pore aie —(c—a)(c—b) (c-a+1)(e-64+1)z(z- 1) 
Y, dz l-z (2c-a-—b+l1)z-ce — (2c -a-—b4+38)z—(C+1) —.......c0e00e 
(c-at+n)(c-b+n)2(z-1) 
w. — (2c-a-—b4+2n4+1)z-(€4+n) —-......0.. ( 
Again, Y,=(1-2)-" F(a, c—), ¢, F 5 ) 
whence 
ldy, 4 -cndil —a(c—b) (a+1)(e-b+1)z 
en de lee SC airee (a—b+2)z+(c+1) —.......0 
__ (at+nj(c—2+n)z Q 
erry. 5 


similarly from y,,=(1 —- aE (6, C— A, ¢, aera we obtain 














ldyg _b ir — b(c —a) _(6+1)(c-a+1)z 
Yy, dz =1-—2-2- i (Eien lens. baa — 
__btnjc-atnje 
""(b6-at+n4])e+ (64H) =a.) 


‘| 
1 
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Now these four solutions y,, ¥, 4; Yis are identical, and con- 
sequently the four continued fractions (23)—(26) derived from them 
by the same process in all cases are identical. 

The hypergeometric series is, however, only convergent in the 
region |z| <1, so that at the point z=1 and outside the unit circle 
enclosing the origin the continued fraction relations given above do 
not hold. This limitation also applies in the cases of the relations 
between continued fractions derived from the hypergeometric 
equation in a later section of this paper. 


$9. Other relations deduced from hypergeometric functions. 


In addition to the identities between hypergeometric functions 
utilised in the preceding section, several important relations are 
known connecting different hypergeometric series, which would be 
expected to give rise to relations involving continued fractions. 
Thus from an equation given by Gauss, viz. 


, 4 
(1+2)*F(2a, 2a+1-<¢, ¢, =F (a, a+i,c, : ) 





(1 +2)" 
is obtained the relation 
Laue ooo 2a(2a + 1 —c) (2a + 1)(2a4+ 2 —c)z(z- 1) 
2(l-—z) 4(1-2)' (4a+2-c)z-c - (4a+4-c)z-(c+1) -.. 


(2a+n)(2a +n —c)2(z—-1) \ 
.. — (444+2n+2-c)z-(c+n) -2.. 


~ (2a + 3)42—c(1 +2)? + (244+2)42- (64+ 1)(1 42) +... 


2n+1 


(a+n)(at ; )4e(1 ~ 2) 
e+ (2a+ In + 3)4z—-(c+n)(1+z2)? +......(27) 





Another equation given by Gauss, viz. 


. 42 
(1+2)"F(a, a+} -0, d+4, 2)= F(a, b, 2b, aca 


gives rise to the following continued fraction relation 
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a met -a(a-—b-3 (at+1)(a—b+$)2%(# —- 1) 
2(1-z2) 2(1—z)\ (2a-64+3)2?-(64+4) — (2a—b4+F)2?— (BAB) = cesececcrcceveceens 





2n+1 
ve aa b+ ~ ee -1) 


2n+1 
-- (2a — 6+ 2n 4+ 3)2? - (6+ aa y=) 





pp — ab (a+1)(6+1)42(1 - 2)? 
~ (a+b41)42 - 20(1 +2)? -— (a +b 4 3)42— (2b + 1)(1 4-2)? — ccssscdesecoteeseteanene ene 


(a+n)(b+n)42(1 — 2)? 
e— (@+b4+2n4+1)4z2-(2b4+n)(14+2)? —- ... (28 


Another relation between two continued fractions arises out of an equation give 
by Kummer, viz. 


6 
F(a, 6b, a+6+4, sin’0) = F( 2a, 2b,a+b+4, sin’), 


from which we derive the following :— 




















2ab (2a + 1)(26 + 1)sin°é (2a + )(2b + )sin?6 
— (2a+ 26+ 1)cos6+ —(2a+ 264 3)cosé +... + — (244+ 264+ 2n+1)cosO +......... 0008 
Bei ab (a+1)(6+1)sin’@cos"6 (a +n)(b + n)sin’6cos"é 
7 Peeper rier, + 3-(a+6+3)cos'? +...+% — (a+b+ 2n + 1)cos’6 4 
.. 
or if cos? =z. 
2ab (2a + 1)(26+1)(1 — 2?) (2a + n)(26 + n)(1 — 2’) 
— (24+ 264+ 1)z2 + —(24+264+3)z2 +...4 - (204+264+2n+1)2 4+...........0001 g. 
_ 2. ab (a+1)(6+1)2(1 -z _(a+nj(b+n)a(1 — 2?) \ i 
UL E-(atb4 124+ 3-(44043)2 0 4...4 mi -(at+b+2n+1)e +... ( 


when |z| <1. 


Kummer also gives the following relation 





1 949 
F & oe meas : sin’20) = cos- “OH aes 2a+2 _ 4sin ”) 
i : : 6” » 36 (aunpetame 





117 


eS : 
If y= (5, aa as sin’26), the continued fraction corre- 


sponding to it is 























- 1 2 

: ; aes) (a+ HOt sin?2de0s'20 
a Y 7 a va 
y d(sin?26) (+ -) , 299 2442 & =) 299 2et9 

Pe id: sin’? ai: ae sin?20 ghee 

5) 
2 2 3 
($+ ne sint20 - cA Rah ae 
3 6 
1 dy 1 


~ — -y d(cos?6) 4(cos?@ — sin?) 


Co leva _ 4sin*é 


=z) then the corresponding 


Also, if v= HS, wy, ine, cos'd 


continued fraction is 











—a(a+1) (a+2)(a+7)  4sin?6(cos?@ — 2)? 
dv oe ee, et ed A ees I ee 
re 12 12 cos®@ 
a) i. HT) ey ae 2a+2 _ (= acon " 9a+5 2, 
( cos'@ ( 3. 6/cos!9 3 3° 6/cos'6 3 


(atn)(a+6n+1) _ Asint6(eos'd 2) 





~ 12 cos®@ 
(++ 12n+ —— 7 2a+ 3n +2 g 
y 6 cos*é 3 a 


di Re cos®é 
~— 4u d(cos®) cos?6 — 2° 


1 dy -a 1 ad 


SD ‘y d(cos?é) 7 cost ‘» d(cos?6) 


from which we may deduce another continued fraction relation, viz. 
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9 
ACE ML, Cae Fe + D sin? 960820 
— 4c0820 12 —— ee 
is 9a 7 9a +2 2a 19. Ia+5 
= 14 \gin299 — pias) Sete ee 299 ~ ——_— | “Viv aweueet are 
+ + | )sin’26 3 (+ =)sin 3 
(a+ 2n)(a + 6n + 1)sin?20co0s?26 
URI NEEST 
($+ ans m6 ot Se 
3 
—a(a+1) (a+ 2)(a+7) 
ag Rage hoe 3 3 
~ cos?6 cos?6 pe | ; a+2 , 2a +p)Asi 2a +a 
i Gaal dia Seat sath ip a AS nO = bee 1 
Ge +—)4s in?6 a cos*@ (F+ F ( 3 )eos 
(a+n)(a+6n+1) 
S 
2a. 12n+7\,., 2a+3n+2 (at 
= = (2p 


All the relations between continued fractions which are 
derived from equations between hypergeometric functions must be 
identically true, since an equation between the hypergeometric 
functions implies that they are the same solution of the same 
differential equation. 

In conclusion, I must thank Professor Whittaker, at whose 
instigation this present research was begun, for encouragement and 
advice given to me during its progress. 
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The six trisectors of each of the angles of a triangle. 
By F. Guanvitte Taytor and W. L. Marr. 


(Received and Read 14th November 1913.) 


1. The following is an account of a theorem whose origin has 
been traced to Prof. Morley of Johns Hopkins University. 


In the course of certain vector analysis, some 14 years ago, 
Prof. Morley found that if a variable cardioide touch the sides of a 
triangle the locus of its centre, that is, the centre of the circle on 
which the equal circle rolls, is a set of 9 lines which are three by 
three parallel, the directions being those of the sides of an equilateral 
triangle. The meets of these lines correspond to double tangents ; 
they are also the meets of certain pairs of trisectors of the angles, 
internal and external, of the first triangle. This result was never 
published, and it was only the particular case of the internal 
trisectors that reached the present writers, the existence of the 
enveloping cardioides and the set of 9 lines being quite unknown to 
them. 

It was only after the present paper had been read that the 
above information, thanks to various correspondents, was obtained. 
Hence the theorem has been approached from quite a different 
point of view, as also the extension of the particular case, which 
was erroneously thought to be unknown. Certain other properties 
which follow are, however, probably new. 


The particular case will be given first, one proof being due to 
Mr W. E. Philip, H.M.1LS., from whom the theorem was originally 
obtained. 


2. Morley’s Theorem. If the angles of any triangle ABC be 
trisected, the triangle DEL, formed by the meets of pairs of trisectors, 
each pair being adjacent to the same side of ABC, is equilateral. 
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First geometrical proof (by W. E. Philip). 





Let o, B, y stand for fe 


a+ +y=y The pairs of trisectors of B and C meet in D 


and L. Draw the incircle of LBC, centre D. Let H, K be the 
images of Din BLand CL. Draw the tangent KP and produce 
to meet BL in F; Q is the point of contact of BL. 


Since DP=4DK, ... 4 PKD=— 
Aa 
4 PDK=—> 
2Qqr 
QDR Ue a oy ee ae 


3 
ate T 
= 7 — QO, 
Also DHK =DKH =}L=— + 
whence FHK = 20, FKH = a. 


Hence HFK =7 - 3n=7- A, and AHFK is cyclic. 
HAF=HKF=a, and AF is a trisector of A. Similarly 
for E, the meet of CL and the tangent from H. 
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From the symmetry of the figure DHK with respect to the 
circle it follows that DF=DE and 2 FDE is easily seen to be 


T 


7 ek ADEF is equilateral. 


: 3. Second geometrical proof. 


(i) Let AD, BE, CF meet BC, CA, AB in X, Y, Z respectively, 
also let X,, Y,, Z,; X,, Yo, Z,; Xs, Y3, Z, be the feet of per- 
pendiculars from D, E, F respectively to the sides of ABC. 


A 





| B 
; Pig. 2: 

BX CY AZ_AADB BEC CFA 
XC° YA’ZB AADC’ BEA’ CFB 
IE i ie 
MOY. (pZaerx: 


Eee XD Zi \(DYe OEX, 
vee tiene DX DXi BY, 


Hence AD, BE, CF are concurrent. 





Then 











=1, since by similar triangles 








[Or, by Trilinears. ] 
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(ii) It is evident that AFBDCE is a Brianchon hexagon ; and 
taking the sides in the orders AMCLBN, LFMDNE respectively, 
it follows that AL, BM, CN are concurrent, as also DL, EM, FN. 
Let the latter point be O. 

(iii) In the quadrilateral OMDN, since MO and NO bisect the 
angles at M and N, we easily obtain 


B Qa An 
3 


d 


7 = Ty O _ on 
LOMD=- +5; Pus ann mies and MDN = 3 aa 


Qa T 
whence MON = 3 NOE=FOM = —h 


Hence the acute angles at O are each equal to - the A® 
FOL, EOL are congruent, and LF =LE. 


Finally, FDL, EDL are congruent and DF=DE; whence it 
follows that DEF is equilateral. 

The concurrency of DL, EM, FN may be proved by trilinears 
thus :— 


C B 
Since D is the point (1, 2cos,, 2cos"), its isogonal conjugate 


C B B: © B C 
: : 20 Seog — 2cos—cos— beer ror oS 
‘Lis the point (1,1/ cose; 1/2cos =) or ( COS=-COs-, COS ,005-5-) 


Multiplying the coordinates of D by cos and adding those of L, 


we get the point (on DL) 
(2cosBcosy + cosx, 2cosycosx + cos[, 2cosa.cosP + cosy), 
A 
where a= 3° etc. 
By symmetry it is seen that this point lies on EM and EN ; it 
is therefore the point O. 


4. Proof by Trigonometry. 


ae es 8 . fr 
sinAEF AF  csinf sin( a ) sin(S+y ) 


snAFE AE _ (Tt ’ bsiny 7 2, (ae 
sin( -y) sin( +2 ) 


But 7 th++y=7-0=AFE+ AEF, 


AFE=— +8; AEF =—— +y. 
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Similarly BFD = = +a; BDF= = +y; ete. 


Hence DFE=—, and similarly for the other angles of DEF. 


. re 
ATSC np AFsine _ 2RsinCsinf ___ sine 


so($+2) sn($-7) so(F +7) 
: 3 “y sin($ - sin eyes 


The angle (BC, FE)=BCA +CAE - AEF, negatively 


= 8Rsinasinfsiny. 


=C+a-7-y 


=2y+0-(a+B+y)=7-B. 
Hence the directions of FE, DF, ED make angles PB —y, y -«, 
o«— with the sides BC, CA, AB respectively. 


5. Extension of theorem. 
Suppose now we take a more general view of the triangle ABC. 
Let the angles be A+2p7, B+2q7, C+2rz. The angles 
BAF, CAE will be measured in the counterclockwise and clockwise 
directions respectively, and similarly for the angles at B and C. 
Thus a rotation of the sides inwards such as BC to BD, CB to CD 
will be in the positive direction. 
Let a @ be represented by «,, ete. Then for each of the 
six original lines BD, CD, etc., we shall have three, giving 6 at 
each vertex. There will be 9 points D, and 27 in all. The general 
triangle will be denoted by D,,E,,F,, or [ pqr], where p, g, 7 take 
any of the values 0, 1,2. We shall show that the 27 points 
D, E, F lie six by six on 9 straight lines, which are 3 by 3 parallel, 
and inclined at 60°. We thus get 27 equilateral triangles, of which 
18 correspond to DyjE,Fy, the remaining 9 involving D’s, E’s or 
F’s only. There are also 9 non-equilateral triangles DEF which 
are closely allied to the 18 referred to above. 

D,,, then, denotes the point whose biangular coordinates 
referred to B and C are (f,, y,). It will be helpful to remember 
that g refers to the left vertex B, and r to the right vertex C, as 
we face BC, etc. [See Fig. 3.] 

The coordinates of Dj are (1, 2cosy,, 2cos®,) which we shall 
denote by (lyf). Hence we easily arrive at the following table 
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for D,,, or (1, 2cosy,, cosB,), or (ly,f,), from which we can deduce 
Eo» Hee 


Doo( 1 yoo) Hyo(¥ol a) F o0( Po%o1) 
Daly) Ka (yoo) Fo, (8x1) 
etc. ete. etc. 
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6. The equation to E,)F,, is reducible to the form 

GANG Psi; VSI yy— One. cdivasvanctsesacen ta’ (1) 
We shall show that besides E,, and F,, there are four other points 
Doss Fy2, Da, E., on this same line. We might, of course, merely 
substitute coordinates, but this is tedious and does not enable us to 
discover the points. We shall, instead, interchange the letters, 
increasing and diminishing suffixes so that the sum of the angles 
remains equal to o,+,+y, or differs from it by 27: also we shall 
make cyclical changes so as to bring the equation back to its 
original form. In the case of points on the line a corresponding 
cyclical change is made in the coordinates including the order as 
well as the letter. 

Thus from E(y,la,) we obtain Fo(8)x,1) by interchanging 
£8 and y and the order of the B and y coordinates (1a,), the equation 
(1) remaining unaltered by the change. 

Next change «,, 6, to «,_;, 6,4, respectively, and make a 
negative cyclical change in a, 6, y. ‘Thus (1) becomes itself again ; 
and the point (y,la)) becomes first (yla,.) since 2= — 1(mod. 3), 
and afterwards, making a negative cyclical change in the order as 
well as in the letters, (1y.6)), which is D,. 

Interchanging f and y we obtain (ly,(.) or Dyp. 

Similarly by changing «,, y, to %,_1, Y,41 respectively in (1), and 
making a positive cyclical change in the letters and their order we 
obtain ($,«,1) or F,,; and finally (y.lo,) or E,;. 

Hence there are six points on E, Fy, and similarly for 
F,.D 4. and D, Ey. The other sets of six are easily obtained by 
increasing all the suffixes by 1, and again by 1. 

ie ie, Pie Oslin, + D810 Oa + YSIN Va = Oven. 2 eae er een oo seas (2) 

Petey 1s,0eino, + OSin Og -FrySil yp =U sires sterer coceser cscs. (3) 

In (2) the sum of the angles is unaltered, and in (3) it is 
diminished by 27. 

It can be shown by elementary geometry that these three 
lines are parallel. For example, the triangles AEC, ABF,, are 
similar, as also are AFB, ACE,,; hence 
AE AB AF AC  £AE AE, 


ROeeAr. “ABI AHL LAP = APE 





and EF is || to E,)}y,, etc. 


7. To each of the 9 D’s correspond three triangles DEF, of 
which only two, however, are equilateral. Thus keep Dy fixed ; 
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then since £, and y, are fixed the lines BL, CL are fixed. Change 
% to a, and «, in succession, 7.¢. rotate AE and AF (in their 


Qa 
proper directions, see Art. 5) through 3 twice in succession and 


we Shall obtain the triangles DE,,F,, and DE,,F,,. Corresponding 
to DL, EM, FN we shall have DL, EM), FN, and DL, E,.M,, 
F.No. It can be shewn without difficulty that while DL is fixed, 


EM and FN are turned in opposite directions through = so that 


DL, EM), F,.N, are parallel and the proof breaks down, though 
not again in the third triangle. 

Tt will be seen that the triangle [pgr] is equilateral provided 
that p+q+r+1 (mod. 3), for increasing one of the numbers by 
unity corresponds geometrically to rotating a pair of the lines 
DL, EM, FN through 60° as above. The nine non-equilaterals are 
[100], [010], [001], [211], [121], [112], [022], [202], [220]. Thus 
[022] is the triangle D,,E,,F 5. 


The points L, M, N. 

8. The points L, M, N, which are the isogonal conjugates of 
D, E, F, are 27 in number. Noting that the locus of the isogonal 
conjugates of points on the line pxt+gqB+ry=0 is the conic 
pPy +qyo+roa8=0,—the line at infinity, in particular, leading to 
the circumcircle,—it follows that the 27 points L, M, N lie 6 by 6 
on 9 conics through ABC; and that these meet three by three on 
the circumcircle. It may be shown that the three meeting points 
form an equilateral triangle whose sides are parallel to those of 
DEF. We give a short proof :— 

Draw through A lines Ad, Ae, Af parallel to EF, FD, DE to 
meet the circumcircle. Then since the isogonal lines Ad’, Ae’, Af’ 
make respectively the same angles with AI (I the incentre) as 
these, but in the opposite sense, it is evident that both def and 
de'f’ are equilateral triangles. 





ie 
Writing x for y - B, or bs » we have, if «=(dA, BC), 


2 BAd’=CAX=C-a@ (Art. 4). 
BAd =B+za. 
dAd’=C-B-2x=x2=ACd’, since Cd’ is isogonal to 
Cy (|| AX), = Add’ 
or d’ is the mid point of the are Ad. 
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Hence ¢/’ is parallel to Ad or EF. 
Similarly for /’d’ and de’. 





Fig. 4, 


9. The lines AL,,, BM,,, CN,, are concurrent ; for, referring to 
the table of Art. 5, we find that L,,, the isogonal conjugate of 
D,, is (1, 1/y,, 1/6,) or (2cosf,cosy,, cosf,, COsy,.). 

It is thus seen that the point of concurrence is (cose,, cosf,, 
cosy,). We shall denote this by (pqr). 

Corresponding to the 27 triangles DEF are 27 points (pqr). 


10. We shall now show (1) that these points (pqgr) are the poles 
of 27 pairs of triangles DEF, comprising the 18 equilateral 
triangles and the 9 non-equilaterals referred to above ; (2) that the 
former consist of 6 triads of equilaterals, each triad being two by 
two in perspective ; the latter of 3 such triads; and (3) that the 
poles of each triad are collinear; (4) each line Dj, Dj41,,41, ete, 
passes through three of the points (pqr). 

(1) Takea particular case, Dy(12cosy,2cosf,), D,,(12cosy,2cosf,). 
Multiply the coordinates of D,, by sina, those of D,, by — sina, 
and add. 

Then sing, — sinew, = 2cosa,sin=. 
T 


2cosySinn, — 2cosy,sine, = ZcosP,sin 3 


eventually, 
(see the general case). 


, ‘ . : iat 
2cosf,sina, — 2cosP,sina, = Jcosy sin. 
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Hence D,,D,, passes through (200). 


(2) Generally, D,, (1, 2cosy,, 2cosf,), Dy 41, r41(1, 2cosy,,,,2c0sB,4,). 
Take as multiples sina, —sinn,, (m+7n). 


Then (a) sinw,, — sing, = 2cos{ a+(m+ n) jsin(m ~ ns 
. : : 2a 
(5) 2cosy,sina,, — 2cosy,4,sine, = sin{y +a+(m+ a 
2a Qa 
~ sin{y -adt(r—- nm) } - sin{ +a+(r+1 +n)=} 
; 2a 
+sin{ y-at(r+ ] - ny}. 
2 
Now let (r+1- ny —(r- m)-= = 2hkr. 
m=n-+3k —1. 


Ss 2eos 7 +a+(m+n+2r4+ 1)=} sin(m —n- 1) 
iy T 
= 2eos{ B -(2n4+ 2r+3k+1) = }sin(3k _ 2) 


=2cos! B — (2n +2 = }sin(~ =) 
pits (22 + r+i) sin{ --- }. 


9 
= 2cos{ —(n+r- 1)= }sint = 2cos{ 6 +(4-n ~7)o\ sin 


2 Gs-aG 
== 2COSh,, . sin. 


. . . . e T 
Similarly — 2cos{,sine.,, — 2cosB,,,sino.,, = 2cosy, _y_, + sin. 


Also in (a) sinw,, — sinw, = 2cos Pa (2n+3k-1 * \sin BY apd 
\ 3 3 


= 2eos{ « + (2n - 1) = }sin( - +) = 2eos{ « + (n+ 1) }sin 


rap dhe 
= 2c080.,4). sn 
Thus D,,.D,4;, 41 passes through (n+1,4-n-1r,4-n-Q).* 





* Or, if preferred, D,-4, --; D,, passes through the point (-n,x-—r, n-@q). 
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Since n, g, r may have each 3 values, there are 27 points. But 
there are only 9 lines D,, D,.;, ,4;, since » is not involved here. 
We tabulate the results as follows :— 


Collinear triads of pornts. 








n=0 . ee E n=2 
q|r Der De+1, r+1 (1,4-7,4-q) | (2, 3-7, 3-q) | (0, 2-7, 2~q) 
0/0 Teeny (111) (200) (022) 
0|1 Dy Dis (101) (220) (012) 
0|2 eel), (121) (210) (002) 
1/0 he Das (110) (202) (021) 
1/1 Ded. (100) (222) (011) 
1/2 De (120) (212) (001) 
210 Day Dy: (112) (201) (020) 
2} 1 De), (102) (221) (010) 
2|2 Dest), (122) (211) (000) 


Similar tables for EE and FF may be obtained merely by a 
cyclical change in the numbers (pgr), giving (grp) and (rpq) 
respectively. 

Thus H,,E, gives (211) (120) (002) 

Page | (121) (012) (200) 


11. Since in each of these cases we obtain the same 27 numbers 
again, but in different orders, it is clear that lines of the type 
DD, EE, FF are concurrent, as in the following table :— 
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12. The fact that the three poles of any triad of triangles are 
collinear follows at once from a theorem of Steiner’s ; for, taking 
the example given above in the first column, EyFy, Ey, Fy, EF os 
meet at the same point on the line at infinity; similarly for the 
lines FD, DE respectively. Hence the poles of the three pairs of 
triangles are collinear, as also follows, of course, from the fact that 
the determinant 


Cosa, cosh, Cosy, =0. 
Gosa,,, cosB,.,  COsy,4, 
COS%_in COSB,42  COSYp4 
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The Relation of Morley’s Theorem to the Hessian Axis 
and Circumcentre. 


By F. Guanvitte Taytor. 
(Read 8th May 1914. Recewed 23rd May 1914). 


1. In a previous paper (q.v.) by Mr W. L. Marr and the present 
writer, it was shown that, in accordance with Morley’s Theorem, 
if the angles A+2p7, B+ 2q7, C+ 277 of the triangles ABC be 
trisected, the three groups of six lines at the vertices give rise to 
27 triangles DEF, the biangular coordinates of D with respect to 
BC being (B/3 + 2g7/3, C/3 + 2r7/3) or (B,, y,), and similarly for 
E and F with respect to CA and AB. 

These 27 triangles, 18 of which are equilateral, were arranged 
in 9 triads, those of each triad being two by two in perspective, 
and the three poles being collinear. The coordinates of these 
poles were represented by 

(par), (pt1,q41, r+1), (pt+2, 7+ 2, 7+2)... ee, (A) 
where (pqr) = (cosa,, cosf,, COsy,). 

Further, these 27 poles were shown to be points of concurrence 
of lines AL, BM, CN; where L, M, N are the isogonal conjugates 
of D, E, F, being in fact the meets of pairs of the second tri- 
sectors of the generalised angles A + 2p7, ete. 

The 9 lines DD each contain a triad of points (pqr) ; similarly 
for EE and FF. 

We shall denote a progressive triad such as (A) by pgr. 
In discussing the properties of these triads we depend entirely on 
Ptolemy’s Theorem expressed in the forms 

Sein Asin(.— v) =O 5 .....5.....00009 0 oa (1) 


ZcosAsin(u —v) =0. ......... cesteteecets aan (2) 
2. The nine triads of poles. 
From (2) it follows that the points (A) lie on the line 
asin(f, — y,) + Bsin(y, — %,) + ysin(®, — B,) =0......0.6 (3) 
where /,-y,=P-y+(q-7)27/3=(B-y),,=L, say. 
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(3) may therefore be written 
asin GsinM,, +-ysinN, =O) Niece ct. (4) 


Since /+m+n=0, there are only 9 different lines of this series 
formed by varying 7, m, n, as is otherwise obvious. 


3. Three triads of concurrent lines. 
Again, a triad of lines /mn will by (1), pass through the point 
[sin(M,, —N,,), sin(N,, - L,), sin(L, - M,,)] 
or (SUID) SI Enna TI Lr) stan 2 ais coe ose sa Oe nice oes (5) 
where D=>M-N=6+y-2a=7/38-A=7-(A+27/3)=7-A,, 
and =d=m-n=q+r—-2p=pt+qtr—-3p=p+qtr (mod. 3), 
Hence d=e=/ (mod. 3) 


and Dy=(7 — Ay)a=7 — Aya 
The points (5) are therefore 
(S10 Ay et cit yee Sime yh — 0,12) oo. capere ess (6) 


These three points are 
(sinA), the Lemoine or symmedian point, 
{sin(A + 27/3)], the negative Hessian point, 
[sin(A + 47/3)], the positive Hessian point. 

It will be observed that when d, or p+q+7, is 1, the point is 
the Lemoine point. This corresponds to the group of 9 non- 
equilaterals DEF (see previous paper). 

It is a curious fact, proved by Mr Marr, that the lines of the 
triads which meet at the Hessian points make angles 27/3 with 
each other in both cases. 


4. One triad of collinear points. 


Finally from (1) follows the well-known fact that these three 
points lie on the line 


asin(B —C) + 6sin(C - A) + ysin(A — B)=0, 
which is termed the Hessian axis. 


5. The lines DD, EE, FF. 
The line D,,, D,4:,,4; was shown in the previous paper to 


qr) 


contain the triad of points 
(nt1,4-n-7r,4-n-q) (n=), 1, 2). 
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There are 9 collinear triads, as may be seen by varying q and 7, 
and as all the 27 points (pgr) are accounted for, we may, without 
confusion, express each triad in the form 

(par), (p+1,q¢-1, r—-1), (p+2, g-2, r-2). 

Now let a=a', B= —-f', y= -y’ 

P= Da aT, 

Then cosf, = cosf",, ; cosB,_,=cosB'.4; ; cosB,»= cosB' 445; and 
similarly for y,. a7 

Hence the triad becomes the progressive triad p’q'r’. 

Proceeding as before, we obtain the nine lines DD, namely, 

Yasin’, = 0 
passing three by three through three points 
(sinD’,, sinE’,, sinF’;,) (d'=0, 1, 2). 
And these three points lie on the line 
2asin(H’ — F’) = 0 
where EH’ —}’=M’' +N - 20/21’ +M'+N’— 81/2 2317 
= - 3(f'-y')=B-0 
I’ — D'= ~ 3M'= - 3(y'-0’')=C+A=7-B 
D'- E’= —3N'= - 3(a' - 8’) = —(A+B)=C-r. 
The line is therefore 
asin(B—C) + BsinB — ysinC = 0, 


which is the line through the circumcentre O perpendicular to 
BC. 


Similarly the lines EE, FF lead to the lines through O perpen- 
dicular to CA and AB respectively. 


6. Summary. 


The 27 points (pq) may be classified in the following ways :— 
I. 9 triads of collinear poles of the 9 triads DEF : giving 
3 triads of concurrent lines ; giving 
I triad of collinear points, viz. the Lemoine and Hessian 
points. 
II. 9 triads of collinear points (viz. the lines DD) ; giving 
3 triads of concurrent lines ; giving 
1 triad of collinear points on the line through O 1” to BC. 
III. and IV. Similarly for EE and FF. 
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In addition to these triads we have 
(a) 9 collinear triads AL, since every AL contains three 
points. 
(b), (c) Similarly for BL, CL. 

Since, in I., the Hessian axis passes through O, we have finally 
four lines I. to IV. passing through O, each line leading eventually 
by triads back to the 27 points (pqr). 

It may be of interest to note that Ptolemy’s Theorem may 
be used to find the equation of D,, D,4;,,4:, the coordinates of 
D,, being written as 


(cosr/3, cosy,, cosB,) or {cos(- 7/3), cosy,, cosB,}. 
Also the parallelism of the lines EF, etc., will follow from the 
same theorem. 
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Morley’s Trisection Theorem: an Extension and its 
Relation to the Circles of Apollonius. 


By W. L. Marr, M.A., B.Sc. 


(Read 8th May 1914. Received 1st July 1914). 


INTRODUCTORY Part. 


1. In Morley’s trisection theorem there are three triads of 
parallel lines which by their intersection with each other form 
equilateral triangles. The three lines EF, En Fy, EnFo. (v. Taylor 
and Marr) form one of these triads, and the equations are :— 


(EF). «sina, + ysinB, + zsiny, =0 ............00. (1) 
(E,F,,). wsine + ysinB, + zsinyy=0 .....eeecc eee, (2) 
(E..F..).  xsinoy + ysinB + esiny =() eee (3) 
9 
where a=1A, m=RA+S, t= RA 4 


and B, y, f;, y,, ete., are similarly defined. 
Subtract (2) from (3) and 


HCOSH, + YCOSP, + ZCOSY, =O .....secececcecececs (4) 
Multiply (1) by cose and (4) by sine, add, and 
asin(%, +) + ysin(, +) +zsin(y,; +e)=0 2... ee. (5) 


(5) is a line parallel to (1), (2), or (8). 
¢ is arbitrarily chosen and temporarily fixed. 
(5) will be named 211, or simply 211. 


2. The line 
wsin(x, +) + ysin(B, +) + 2sin(y, +€) =0 
or 211 . is the polar of the point 
[sin(o, +e), sin(B, +), sin(y, +€)] 
or (211), with respect to the imaginary conic x + y?+422=0, 
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If the point (211) be given, the corresponding line 211 can be 
obtained by the following construction :— 
(1) Find the isogonal conjugate of (211) and call it Q. 
(2) Join AQ to meet BC in X’ 
BQ to meet CA in Y’, ete. 
(3) Find X the harmonic conjugate of X’ with respect to BC. 
So for Y and Z 


The line XYZ is 211. 
Similarly 121 is obtained from (121) 
and 112 3 cy DS 


3. The point (211) lies on the line 
An 2 
esin( — y) + ysin(y —a+ =) + zsin(« -~B+ =) =0 


or wsinp + ysing, + zsinr, = 0 


or briefly the line pq.r,, where 
Qa 
p=P-y, g=y—-% etc. Bas: Denies 3 etc. 


(121) lies on the line 7,975, 





(112) on Loe 


The three lines pq.r,, etc., were first discovered by Mr F. G. 
Taylor in another connexion and shown to meet in the symmedian 
point. 

Part 1.—The First Group of Equilateral Triangles. 


4. To form an equilateral triangle three lines are required, Viz, 
211, 121, be i12. This triangle would correspond in Morley’s 
diagram, where «=0, to DEF. 

In the same diagram 

EnF,, is 022.9 
HF, 1s 100, ~0, 


5. The problem is to find 21le, 12le, 112e. To find these 
lines a point (111)e is required. Call this point R. (v. $6). 
AR meets pq, in (211). —_[v. §(3).] 
BR meets pyr, in (121). 
CR meets p.g,r in (112). = 
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Hence by means of (111), the three points (211), ete., are 


found from which the equilateral triangle 211, 121, 112 can be 
derived. This triangle may be called -DEF, and the point (111) 
the “primary point” from which it is derived. For ~DEF we may 
write simply DEF. 


6. The point (111), or, at length, 


[sin(a, +e), sin(B, +¢), sin(y, +6)] 
lies on the line 
xsinp + ysing + zsinr = 0, 
or, briefly, pgr, one of a group of three important lines pgr, p.qins 





PQ". discovered by Mr Taylor and shown to meet in the point 


3 ra. Aah 8 2a 
| sin(A + =), sin(B + =) sin(C + =) 


or, briefly, (sinA,sinB,sinC,) one of the points of intersection of 
the Apollonius circles. This point will be called H,. 


7. It will be assumed that ,.DEF and ABC are in perspective. 
The axis of perspective is :— 
a y z 
0 cosec(B,+¢€)  —cosec(y, +€) =0 
— cosec(a, + €) 0 cosec(y, + €) 
for -EF meets BC in [0, cosec(B, +), — cosec(y,+¢€)] and so 
for FD. 

This equation becomes Lasin(«,+e)=0, the equation of the 
the line 111, which corresponds to the primary point (111) from 
which the triangle DEF is derived. It will be assumed, without 
further proof, that the axis of perspective of any equilateral 
triangle, with ABC, is the line corresponding to the primary 
point from which that equilateral triangle is derived. 





The line 1lle passes through (pgr) for any value of ¢ since 
Ysin(«, +€)sin(B —y)=0. The characteristic property of -DEF is 
that, for any value of «, the axis of perspective with ABC passes 
through (pgr). In Morley’s diagram, the axes of perspective of 
DEF, D,,E,,F,,, D.E.,.F,, with ABC pass through (pqr). 

The point (pgr) may be called the source of perspective, or, 
briefly, the source of «DEF. 
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8. By operating from three primary points (000), (111), (222) 
on pgr, we could reach the three triads of lines [100, 010, 001}, 
fart, etc. |, (022, etc.], which, for a given value of ¢, form a 
system of equilateral triangles corresponding to Morley’s parti- 
cular system where «=0. 


It will be better, however, to be content with (111) on pgr 
and proceed to p,q,7 any point of which has coordinates of the 
type sin(a,+«), sin(@, +), sin(y+¢), or, briefly, (210)e. 


9. This point (210) will serve as the primary point of another 
type of equilateral triangle. Call (210) T. 


Join AT to cut p,gr. in (010) for the coordinates of a point on 
mgr, are at discretion (121), (202), or (010). (wv. § 3). 

Join BT to cut p.qyr in (220). 

Join CT to cut pgzr; in (211). 

The three points (010), (220), (211) lead to the three cor- 
responding lines from which an equilateral triangle of the type 
DoH Fy is formed. 

It is interesting to note (i) that 211, a line which is related to 
A, is obtained from CT, that 010, which is related to B, is 
obtained from AT, and so for 200, (ii) that D,,.E,, is inclined at 


120° to DE. We shall find later that pgr and p,q.7%, from 
primary points on which the triangles «DEF, ¢D,,E,,F,, are derived, 
are also inclined at 120°. 


10. The primary point being (210), the axis of perspective of 
DyEnF» with ABC is 210. 

210e passes through (p,q,7;) for any value of «. 

The characteristic of -D,,E.,F,, is that its axis of perspective 
with ABC passes through (p,9,7;), which may be called the source 
of D,,E.,F,. In Morley’s particular system the axes of perspective 
of DoE Fie DioEwFa, DaEyFo with ABC pass through (p,9,7;): 


11. Proceed to pgs, and take a point on it as primary point, 
viz. (012). From (012) we can reach the three lines 112, 022, 010 
which form an equilateral triangle of the type D)H,.F. 

The axis of perspective is 012. 

The source of eDoHyoFoo 18 ( p2G2%2)- 
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12. Summary. 

By operating from primary points (111), (210), (012), we reach 
three types of triangles DEF, D,,E,,F,,, Do, E,.F, each with a 
characteristic sowrce. These sources (PqT)> (P1971), (P9272) are 
collinear on 2asinA,=0, which is interpreted as follows. The 
point (sinA,, sinB,, sinC,) lies on par, piqry Poo", and may be 
regarded as (111)e’, (210)e”, or (012)e’. As (111) it will be the 
primary point of a triangle «DEF with source pqr, as (210) it 
will be the primary point of another triangle ¢”D,,E.,F,, inclined 
at 120° to DEF with source (p,9,7;), as (012) it will be the primary 
point of ¢”D,,E,,F,, with source (p,g,r.). But, as we are operating 
from (sinA,, sinB,, sinC,), the axis of perspective of any of these 
three triangles with ABC is SasinA,=0, on which, therefore, the 
three sources must lie. (v. $7). 


Part II.—T7he Second Group of Equilateral Triangles. 


13. The primary points, from which the equilateral triangles 
can be derived, may be exhibited in three triads : -~ 
(000), (111), (222) on pgr 
(210), (021), (102) on piqyr, 
(012), (120), (201) on pagar. 
The secondary points, which correspond to the sides of the 
equilateral triangles, are :— 
(211), (022), (100) on pgar, 
(121), (202), (010) on pgry 
(112), (220), (001) on p,qyr. 
The number of groups is 27, and there remain, therefore, three 
triads :— —— 
(200), (011), (122) on par, 
(020), (101), (212) on p.gr, 
(002), (110), (22 


These lines pq,7., etc., have been shewn by Mr Taylor to pass 
“ 4 
through the point | sin (a + 5) ete. | or, briefly, (sinA,, sinB,, sinC,), 
the other point of intersection of the circles of Apollonius. This 
point will be called H.,. 


1) on pygor. 
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It will be shewn later that, like the pqr lines, these pur, 
lines are inclined to each other at 120°, and that this property is 
reflected in the inclination to each other of the equilateral triangles 


to which these p qr, lines are related. 


14. As primary point take (200) on Pr, and call it V. 
AV meets pg.r; in (100). 
BV meets pqr in (220). 
CV meets p,gr, in (202). 

The sides of the equilateral triangles derived from (200) are 
thus 100, 220, 202. This is the triangle «D,,E,,F,. The triangle 
has to be read in the clockwise rotation. The transposition of E 
and F will be understood if it is noticed that AV meets its proper 
line pg.r,, Whereas BV meets poy’, a line related to C and CV 
meets p,q’, a line related to B. 

The primary point being (200), the axis of perspective with 
ABC is 200. 

The source of ¢D,,E, Fy is (p4q1"2). 

In Morley’s particular system the axes of perspective of 
Dy EyoFo DoH Fy, and DoE. Fs, with ABC pass through 


(pqire). 


15. Operating from (020) on pqr; aS primary point, we reach 
the triangle «D,,E,,Fy. The sides of this triangle are inclined at 
120° to those of the previous, and p.gr, pgqyr2 are inclined at the 
same angle, as will be proved later. 


The axis of perspective is 020, and the source is (p.g71). 


16. From (002) on p,gr we reach ¢D, Eq, Fy. The sowrce is 
(719:"). 


17. The vertices of the nine equilateral triangles, if we take 
Morley’s particular system, in this second group are distinct, but 
each vertex has already appeared as a vertex in the first group. 
The sources of the three types of triangles in the second group are 
collinear on SwsinA, =0, which is interpreted thus: 


_—_—. 





(sinA,sinB,sinC,) lies on pair, P97» P92") 
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and may be regarded as (200)e’ or (020)e” or (002). It will thus 
give rise to three different equilateral triangles inclined to each 
other at 120°. As the axis of perspective with ABC of any of 
these is YxsinA,=0, the line which corresponds to the primary 
point (sinA,, etc.), it follows that the three sources must lie on 
=xsinA,=0 since each sowrce lies on the axis of perspective. 


Part IIT.—The Geometry of 100c and the nine par lines. 


18. The line 100¢ or eH..F, is 
wsin(a, +) + ysin(B +e) + zsin(y +) =0. 
If 100c meet BC in K, the coordinates of K are 0, — sin(y +e); 
sin(B+e). If K be found, 100¢ is a line through K inclined at 
(y-f) to CB. It will serve us better, however, to find X, where 
X is on BC and AX is the line isogonal to AK. 
Construction for X. (Fig. 1); 





Fig. 1. 


Draw the Apollonius circle through A. Make the angle 
CBP=f+e and angle BCP=y+e. Q and Q’ are the inter- 
sections of the circle BPC and the Apollonius circle. 
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PQ meets BC in X. PQ’ meets BC in X’. 
BX _BX/BQ BQ. sinBQX  sinC 
XC XO/CQ "CQ sinCQX - sinB 
_sin(yte) sinC 
sin(B+e) sinB 
(for BQX =7 —- BQP=7 - BCP=7 —(y + ¢) 
CQX =PBC=f+<¢, 
and Q lies on the Apollonius circle, 
. BQ/CQ =sinC/sinB 
.. BXsinB/XCsinC = sin(y + €)/sin(B + ¢), 
or if 0, y, z be the co-ordinates of X, 
a/y = —sin(y +¢)/sin(B + ¢). 
Similarly, if X’ be 0, y’, 2; 
2 /y’ =sin(y + €)/sin(B +), 
and, therefore, (AB,XX’) is harmonic. 
Find AK, the line isogonal to AX with K on BC. As the 
tangent at P is inclined at (y— 8) to CB, draw through K the line 


parallel to this tangent, and 10Ue is obtained. 











19. The line pqr is Yasin(@—y)=0. This line, as we have 
seen, is the locus of the primary points of the triangle -DEF for 
any value of «. In Morley’s particular system Mr Taylor has 
shown that it is the “line of poles” of DEF, Dy Ey Fy, D2 H..Fy.. 


In the previous construction for 100¢ let e= —«. (Fig. 2). 





Fig. 2. 
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The angle CBP=8-« and BCOP=y-a. 

The angle BQ'C=(8-a+y —a)=—5— A. 

Now Q’ lies on the Apollonius circle through A, and since 
BQO == — A, it is (H,) one of the two points of intersection of 


the three Apollonius circles, and its coordinates are sinA,sinB,sin(C,. 
(v. §6). 

The coordinates of X’, the meet of PQ’ and BC, (v. §18) are 
0, sin(8-«), sin(y—«) or 0, -- sin(a —), sin(y—«), and hence 
X' is a point on Lasin(8B—y)=0 or pgr. But Q’ (or H,) is also 





a point on pqr. 
‘. pgr is the line Q’X’. 


20. The line (pgr)g is Yasin(B-y+6)=0. Rotate the OP of 
Fig. 2 to the right through an angle @ to the position Cre 

The angle CBP, = B-a-Q86, 
and the angle BCP, = y-a+0. 

P, lies on the circle BPC which intersects the Apollonius 
circle in Q’ or H,. 

Join P,Q’ to meet BC in X’, 

The coordinates ‘ef X’, (v. $18) are 


0, sin(6-a- 86), sin(y-a+ 98), 
or 0, —sin(a—-(+80), sin(y -«+ 8), 
and, therefore, X’, is a point on (par)o. 
Since YsinA,sin(B -y+6)=0, Q’ (or H,) is also a point on 
(p9r)g and hence Q’X’, is the line (pgr), . 


21. The angle between Q’X’ and Q’X', is PQ’P, = POP, = 8, 


——— ane 2 
Thus (pgr)g is inclined at an angle 6 to pgr. When =>, 


(p9qr)g becomes p,q,7, and hence p,g,r, and pqgr are inclined to 


each other at 120°, and so for p.gyr, and p,qQ,r;. 
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22. Any line through H, is of the form 2wsin(6 - y+ 0@)=0. 
When 6=y-f this equation becomes 
ysin(2y — « — 8) + zsin(y + « — 28) =0, 


or ysin( C - 5) - ssin(F ~ B) aa); 


or ysinC, — zsinB, = 0. 
This is the line AH,, and thus AH, is inclined at (y-/) to par. 


23. The line pq,r, is 
: : 2a bg Arr 
xsin(P — y) + ysin(y —a+ =) - zsin(a —Pp+ =) e=(). 
This line is the locus of the primary points of the triangle 


eD,,E,,Fy,. In Morley’s particular system Mr Taylor has shown 
that it is the “line of poles” of D,,E,,Fy, D Ho F,,, DE Fs. 


In the construction for 100. (v. §18) let 


c= Fw (Fig. 3). 





Fig, 3. 


The angle 
Qa 2 


2a 2ar 
BPO=(]+6-«)+/ : Fyra)oma sok. 
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The circle BPC cuts the Apollonius circle in Q’ on the side of 
BC remote from P. 
The angle 


Dar T 
BQ'C=7 - (— — = —_ . 
Q T & A) ree 


Hence Q’ is the second point of intersection of the three 
Apollonius circles, viz. H,, and its coordinates are sinA,, sinB,, sinO,. 
(v. § 13). 

If X’ is the meet of PQ’ and BC, QX’ is the line ( PGi"): 
(of. $19). 


24. The line (pq@ro)g is 
2a , 4 
wsin(B—7 +6) +ysin(y—a+ +8) + asin(a- B+ +0)=0. 
By a proof similar to that of §21 it can be shown that 
(2? 9%2)g and pq,r, are inclined at an angle 0. 


Hence (cf. $21) par, 927, Pogr, are inclined to each other 
at 120°. 


25. AH, is inclined to pqr, at (y-B) (¢ § 22). 


26. As AH, is inclined at (y-) to pqr and AH, has the 
same inclination to pq,r, it follows that pqr and pqr, make 
with each other an angle equal to H,AH,. 

Hence pqgr and pqr; intersect on the circumference of the 
Apollonius circle through A. 


pqr and pqyr, meet on the Apollonius circle (A). 











Agr and pgr ,, ” » ” 
Pogos and pgr, 5, » ” % 
pgr and p.gr,, ete., meet on the Apollonius circle (B). 





par and P1927 ” 9 bP) 33 (C). 


(v. Fig. 5.) 


27. The line pq.r, is 
j : 4ar ' Qar 
asin(6 — y) + ysin(y —a+ 5 + zsin(« —-B+ = = 0. 
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This line is the locus of the points (211)e which correspond to 


the lines 21le or -EF. In Morley’s particular system Mr Taylor 
has shown that it is the ‘‘line of poles” of a certain triad of non- 
equilateral triangles. 


In the construction for 100¢ (v. §18) let 


ar (Fig. 4). 





Fig, 4. 


The angle 
BPO=7-|(F+P-«)+(F+y-a)-2" [aa 


Hence P lies on the circumcircle of ABC and the circle BPC 
or ABC meets the Apollonius circle in A, and the tangent at P is 
parallel to EF. 
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A now takes the place of Q in the construction for 100¢ and 
the coordinates of X, the point of intersection of PA and BC, 
are (v. §18) 


4 4 
0, - sin(F +B- x), sin(= +y- a.) 


9) 
or 0, sin(a —Bp+ =) sin(y —a+ =). 


X, therefore, is the harmonic conjugate of the meet of p qr, and 
BC. 

Similarly Y is the harmonic conjugate of the meet of D QT> 
and CA. So for Z. 

The construction for pq. is, then, as follows:— (v. Fig. 4). 

Find P the point of contact of the upper tangent to the circle 
ABC, which is parallel to EF. Let PA meet BC in X, etc. Let 
X’ be the harmonic conjugate of X with regard to BC, etc. 

The line X'Y’Z’ is pqor;. 2 

The three lines p qo, Pid» poqir are obtained in the same 
manner from three points P, which lie on the circumference of 
ABO, and are the vertices of an equilateral triangle with sides 
parallel to those of DEF. 





28. Let the coordinates of P on the circumcircle be 1/o, 1/f, 1/y. 
Since the circumcircle is the isogonal conjugate of the line at 
infinity, («, 8, y) is a point on the line at infinity, and, therefore, 
asinA + BsinB+ysinC=0. The line X’Y’Z’ can easily be proved 
to have the equation zx.+yP+zy=0, and therefore must pass 
through the symmedian point (sinA, sinB, sinC) since 

e:y:%=sinA :sinB: sinC 
satisfies Zao = 0. 

Take any point on X’Y’Z’, the coordinates of which are 

(211)e, but which may now be named xyp2. Just as the point 


(211) corresponds to the line 211, so the point (a,yo%) corresponds 


to 
LM + YYo + 2% = 0. 


But since (xoYo%) is on Lan =0, 
Hye + Yo + Roy = 9, 
and therefore the equation =xa,=0 is satisfied by 


ie ep sy 
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This means that 2ax,=0 always passes through (aPy) for any 
position of xyz on X'Y'Z’, Since (aPy) is a point at infinity, it 
follows that Xxx,=0 remains parallel for different positions of 
XyYo%- It has already been shewn that, for any value of «¢, 


211. is parallel to EF, but this proof, which is independent of 
the particular position of P on the circumcircle, shows that a 
series of parallel lines related to P can be obtained for any 
position of P on the circumcircle. 


29. If the coordinates of P be cosec(B-C), cosec(O — A), 
cosec(A—B), then the X’Y’Z’ corresponding to this P is 
xxsin(B-C)=0. This line is the Hessian axis, and contains the 
two points H,(sinA,, etc.) and H,(sinA,, etc.). Hence (§ 28) 
<xsinA,=0 and YasinA,=0 are parallel, i.e. the two lines 
which contain respectively the sources of the triangles of the 
first and second groups are parallel. 


I wish to thank Mr F. Glanville Taylor and the Editors for 
helpful criticism and suggestions. 








JOHN STURGEON MACKAY, M.A., LL.D. 


Dr Joun S. Mackay, the first President of our Society, 
died on the 25th of March, 1914, at his residence, 69 North- 
umberland Street, Edinburgh. In view of the unrivalled 
services he rendered the Society, and the active interest he 
took in its work from its inception, it has been judged fitting 
that the Proceedings should contain a short record of his 
life. 

John Sturgeon Mackay was of Highland descent by his 
father’s side, but of Lowland descent by his mother’s, and 
it was during a visit of his mother to her relatives at Auchen- 
cairn, near Kirkcudbright, that he was born on the 22nd of 
October 1843. It was in Perth, however, he spent his boyhood 
and attended school. Fortunate in growing up in a city 
situated amid delightful scenery and associated with many 
stirring events of Scottish history, he was not less happy in the 
school where he was educated. Dr Miller, the rector of Perth 
Academy from 1837 to 1881, was a remarkable man; in the 
words of one of his distinguished pupils, “ under his reign the 
Academy was less a school than a notable provincial college.” 
The obituary notice of Dr Miller, contributed by Dr Mackay to 
the Proceedings of the Royal Society of Edinburgh, Vol. X1X., 
Session 1891-92, presents a striking picture of the finest type 
of the old Scottish schoolmaster, and outlines in terse but 
graphic language the relations between the master and the 
pupil. From that notice I extract the following statement of 
the course of mathematics through which Dr Miller conducted 
his junior and senior classes :—“ The course consisted of the 
theory of arithmetic, algebra, plane and solid geometry, 
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geometrical conics, plane and spherical trigonometry, dynamics, 
elementary physics and astronomy, and inorganic chemistry. 
Occasionally he had pupils who gave a third or even a fourth 
year’s attendance, for which he would accept no fee, and he 
took particular pleasure in initiating them into the mysteries 
of the calculus.” One might be tempted to bint that such a 
wide range of subjects would be only superficially covered, but 
I know, from frequent conversations with Dr Mackay, that in 
his case at least the work was very thoroughly done; to the 
end of his days he could repeat verbatim many of the enun- 
clations in geometry and in spherical trigonometry as he had 
learned them under Dr Miller. 

The rector was a really competent mathematician ; but “his 
culture was not that of science alone, for he was widely read in 
literature, and he could grapple with the philosophical and 
theological questions of the day.” An Academy boy had 
excellent opportunities for a sound training in English, Latin, 
and Greek, as well as in Mathematics and Science, and when 
Mackay matriculated at St Andrews in 1859, he was admirably 
prepared for entering on University studies. 

During the years in which he was a student at St Andrews 
the classes were small, and the students were bound together 
in a cameraderie that is impossible in a large University. At 
that period the curriculum for the M.A. degree was fixed, and 
it was usual for the students who entered the University in the 
same year to keep together and attend the same lectures 
throughout the course. Dr Mackay was fond of recalling 
incidents of his undergraduate days, and he could trace the 
subsequent career of nearly every member of his own class, 
He had as fellow-students several men who afterwards rose to 
eminence ; of them all, the one for whom he had the greatest 
admiration was the late Rev. Dr Crichton of Annan, He 
considered Dr Crichton to be one of the finest scholars 
St Andrews ever sent forth. 

Mackay was soon recognised as one of the “ good students,” 
He took kindly to every subject included in the degree course, 
and was in the honours list of every class. He read widely in 
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general literature, and he did not confine his technical studies 
to prescribed books and authors. The stores of learning he 
then amassed were a permanent possession, and there are few 
graduates who retain through life as ready a command as he 
did of the learning acquired at the University. 

He completed his attendance at the classes, and passed all 
the examinations for the M.A. Degree in 1863. He did not 
graduate, however, till 1865, as he wished to take the exam- 
inations for an Honours Degree, but he was prevented by 
various causes from realising his wish. He had thoughts of 
going forward to the ministry of the United Presbyterian 
Church, and as at that time the theological classes met for two 
months only in the autumn of each year, he followed a usual 
custom of taking a teaching engagement, and he found con- 
genial occupation as assistant to Dr Miller in Perth Academy. 
He attended the Theological Hall for three sessions, but he 
gradually made up his mind to devote himself to teaching as a 
profession, and after an apprenticeship of three years under 
Dr Miller, he obtained an appointment on the staff of the 
Edinburgh Academy. From 1866 till his retiral in 1904, he 
remained at the Academy, for the greater part of that period 
as head mathematical master. 

During his early years in Edinburgh he spent a considerable 
part of his leisure in the study of botany and geology, and he 
attended several University classes, taking part in the various 
class excursions. He retained his interest in these subjects to 
the last, and he often expressed to me his belief in the value of 
botany as a subject of general education. His knowledge of 
botany was, for an amateur’s, remarkably accurate, and, like all 
his knowledge, was always at hand. 

In the early seventies he had a long holiday in France, and 
from that date to the close of his life, there were few years in 
which he did not spend the greater part of his vacation on the 
Continent, and chiefly in Paris. He gradually acquired a 
thorough mastery of French, both literary and colloquial, and 
read very widely in French literature ; he made many friends 
in Paris, and indeed seemed to feel quite as much at home 
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there as in Edinburgh. Though he did not obtain the same 
proficiency in German and Italian as in French, he had a really 
good knowledge of these languages, and when one was asked to 
recommend him a book, it made very little difference to him 
whether the language in which it was composed was English, 
French, German or Italian. He had, besides, a scholarly 
knowledge of Latin and Greek, so that when he had fairly 
entered on historical studies he had at command a linguistic 
equipment such as professed historians do not always possess. 

In Dr Mackay’s notice of bis old master occurs a sentence 
that might have been written of himself:—“ While he was 
interested in science mainly for its own sake and for the sake 
of the benefits which its discoveries conferred on mankind, he 
was keenly alive to the educational importance of its historical 
development, and familiarised his pupils with the names and 
the achievements of the great masters from Euclid downwards.” 
It is not unreasonable to conclude that Dr Mackay’s interest in 
the history of mathematics was awakened in his school days ; 
that interest was certainly of life-long duration. From an early 
period his attention was directed to the Greek geometers, 
and one of the disappointments of his life is associated with 
these earlier studies. The incident is so graphically described 
in a notice of Dr Mackay that appears in the May number 
of The Hdinburgh Academy Chronicle over the initials 
D. W. T., that I cannot refrain from quoting the whole 
passage :— 

“Of all the great Alexandrine geometers, the works of one 
only, Pappus, remained to be edited. The Oxford scholars of 
the eighteenth century had neglected him, and a sixteenth- 
century Latin translation, together with a bare reprint of a 
small part of his text by a French editor, was all that was 
extant. For years Mackay had given his holidays to the 
collation of manuscripts, and his nights to the patient inter- 
pretation of the old mathematician ; and at last his work was 
done, and the whole book lay complete in his desk, in his 
beautiful handwriting, with a wealth of drawings. He went in 
one day to Williams and Norgate’s foreign bookshop in 
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Frederick Street, then managed by Mr Wheatley, an excellent 
scholar; and Mr Wheatley said, ‘I’ve something to-day, Mr 
Mackay, that will interest you, and he produced the first 
volume of Hultsch’s edition of Pappus, a work that has held 
the field to this day, and is the magnum opus of its dis- 
tinguished author. Mackay took the book home. He found 
that Hultsch and he had collated the same MSS., had arrived 
at the same interpretations, had noted the same difficulties, 
down to the smallest—a wrong letter, an omitted xdi—the 
German had noted them all. Some men, in Mackay’s place, 
would have made all haste to send their own book to the 
printer, hoping to gain, by all but contemporaneous publication, 
some part of the scholar’s reward. But Mackay had a sterner 
code of duty and of honour. The work was done, and well 
done; the needs of his few fellow-students of Greek mathe- 
matics were sufficiently met; and what was lost was a matter 
for him alone. A few years later, in a less direct and poignant 
way, Mackay found himself forestalled by the publication of 
Allman’s Greek Geometry. ‘This was a book that Mackay could 
have written to perfection, and perhaps with even greater 
learning than the Irish scholar displayed.” 

The head mathematical master of the Academy had 
gradually become known in educational circles as a scholar and 
as a mathematician, and when, at a meeting held in the 
Mathematical Class Room of Edinburgh University on the 2nd 
of February 1883, it was agreed to institute a Society to be 
called “The Edinburgh Mathematical Society,” his unique 
position was recognised in his appointment as its first President. 
From that day till the close of his life he was unwearied in his 
efforts to promote the welfare of the Society. Until failing 
health confined him to the house in the evening, he was 
regular in his attendance, and by his kindness and courtesy in 
welcoming new members, he greatly contributed to that friendly 
atmosphere which distinguished the meetings. The Society 
had a hard struggle in its early days. It first Secretary, 
Dr Knott, was appointed Professor of Physics at Tokio soon 
after the Society was founded. In the second session the late 
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Mr A. Y. Fraser was elected as Dr Knott’s successor in the 
Secretaryship, and he held the office till the end of the sixth 
session. During these critical years Dr Mackay and Mr Fraser 
were in constant communication about the affairs of the 
Society, and it is in no small degree due to their devoted 
service that the early difficulties were overcome and the new 
organisation fairly launched on its career. 

A glance at the index of the first twenty volumes of the 
Proceedings, drawn up with consummate skill by Dr Mackay 
himself, shows how regular were his contributions. Most of 
his articles are geometrical, and they always include historical 
notes and references. They represent in every instance the 
results of his own investigation, and I think I am correct in 
stating that in no single case has his accuracy been impugned. 
The first paper he submitted is an admirable example of his 
characteristic style—precision of language, lucidity of arrange- 
ment, and accuracy of citation. In the course of a long series 
of articles he throws a flood of light on the origin of many 
geometrical theorems, traces their developments, indicates 
their relationships, and often gives to them their finishing 
touch. He settled the source of the misnamed Simson Line, 
and in one of his last papers he made important additions to 
the bibliography of the envelope of that line. The number of 
references in his articles, the obscure journals and books that 
furnished valuable results, the variety of languages from which 
the facts are cited, the scrupulous accuracy of quotation and 
reference, can best be understood by those who have themselves 
attempted historical research. There is no parade of learning, 
but the fruit of long and laborious first-hand investigation is 
evident on every page. 

There is one field of investigation which Dr Mackay had 
made peculiarly his own ; it is what he himself called English 
“mathematical journalism” as distinct from the Proceedings 
and Transactions of learned Societies. No one who desires to 
become acquainted with what may be called the more homely 
forms of English mathematical research can find a better—or 
rather, any other—guide than his article Notice sur le 
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Journalisme Mathématique en Angleterre, contributed to the 
French Association for the Advancement of Science (Congrés 
de Besancon, 1893). The preparation of that article was in 
itself a remarkable feat. One of the members who had 
promised a paper was unable to be present, and on the after- 
noon of the day before the paper was set down for reading 
Dr Mackay was asked to take the absent member's place. 
With his usual courtesy, he agreed to try “to put some things 
together”; the result was the notice in almost the exact form 
in which it appears in the volume of the Association for that 
year. 

Although Dr Mackay’s contributions to the Proceedings of 
our Society are mainly geometrical, it is proper to note that the 
Report on the Teaching of Arithmetic in Vol. VI. owes very 
much to him, and many of the articles are from his pen. 

In recognition of the great services he had rendered the 
Society, he was elected an Honorary Member in November 
1894. 

Of the textbooks written by Dr Mackay, the most character- 
istic was his Elements of Euclid, Books I to VI, published in 
1884, and enlarged in 1888 by the addition of the usual pro- 
positions from Books XI and XII. Many of its distinctive 
features, especially its historical references, were soon imitated 
by other writers; but there are many subtle deviations from 
Simson’s text that escape the notice of the casual reader, and 
that lend a unity to several propositions that is usually ignored. 
The composition of this book was a labour of love; much of 
the original manuscript had to be sacrificed to the exigencies of 
publication ; but as a textbook of general education it is, in 
my opinion, the best adaptation of Euclid’s Elements that we 
possess. When in the early years of the present century the 
demand for a new type of textbook arose, he felt constrained to 
comply with it, and he produced his Plane Geometry (Books 
I, Il, II, in 1904; Books IV, V, in 1905). The new book is 
an excellent piece of work, but he did not fully sympathise 
with the new movement, and his attitude is, I think, reflected 
in this later book. 
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In 1869 he published a volume of Arithmetical Exercises, 
and in 1899 a formal textbook with the title Arithmetic, 
Lheoretical and Practical. (The historical bent of the writer 
shows itself at every convenient opportunity, and a careful 
reader may learn some curious facts). 

Of Dr Mackay’s other activities I shall only make brief 
mention. He was a member of the A.I.G.T. from its origin, 
and took an active interest in its work. A Fellow of the Royal 
Society of Edinburgh, he served for two periods on the Council, 
and his services were specially valuable on the Library Com- 
mittee. He frequently attended the meetings of the French 
Association for the Advancement of Science, and corresponded 
regularly with several well-known French mathematicians, He 
was a member of the Permanent International Commission for 
Mathematical Bibliography, and he was of special service 
through his great linguistic attainments. He took a warm 
interest in the Franco-Scottish Society, and was a member both 
of the Council and of the Executive. 

In 1887 his old University recognised his great learning by 
conferring on him the Honorary Degree of LL.D. 

In 1904 he retired from his position in the Academy. The 
number of the Academy Chronicle from which I have already 
quoted contains a graceful tribute to his memory from two of 
his pupils, and those who wish to understand the relations that 
existed between Dr Mackay and generations of boys should 
read these characteristic appreciations of their old master. 
Like many bachelors, he was fond of young people, and speedily 
gained their confidence; no master was ever prouder of the 
successes of his pupils or took a livelier interest in their after 
welfare ; the visits he received from those who had gone out 
into the world and risen to eminence were honourable to master 
and pupil alike. 

In his youth Dr Mackay was an enthusiastic golfer. During 
one of his sessions at St Andrews he and a fellow-student 
determined to make one round of the links, if it were possible, 
every day; they succeeded on all but three days, when the 
weather proved too much even for their exuberant spirits, and 
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compelled them to desist before they had well begun. In later 
years he became a member of a bowling-green, and acquired 
considerable skill at the game, but the sport in which he 
specially excelled was skating. He hoped that after his retiral 
he would be able to resume his golf, but he had, through want 
of practice, lost much of his youthful skill, and he seldom 
appeared on the links. His daily walk provided him with such 
physical exercise as he found it necessary to take. 

He was a delightful companion, blessed with the saving 
grace of humour, and those who had the privilege of his 
friendship will never forget the genial talk in which he ranged 
over the most varied fields of knowledge, passing lightly from 
the gossip of the day to the discussion of the deepest problems 
of philosophy. His culture was both literary and scientific, his 
scholarship was exact, but free from pedantry, and his vast stores 
of knowledge were always at hand, ready for instant use. Of 
a genial and kindly disposition, he was ever ready to offer a 
helping hand to his less fortunate fellowmen, Charitable in 
his judgments of others, he kept a high standard of ethics for 
himself, and was his own severest critic. 

In the beginning of this year the approach of serious 
trouble was indicated by the rapid failure of his eyesight ; he 
became very ill in the first days of March, and after a short 
rally passed away on the afternoon of the 25th of that month. 
On Saturday, the 28th, he was laid to rest in the city where he 
spent his boyhood, and where he laid the foundations of that 
learning for which in after life he was so distinguished. 
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